
Set for
ing over models of Zermelo or Ma
 LaneA. R. D. MATHIASERMIT, Universit�e de la R�eunionAbstra
t. Over 
ertain transitive models of Z, the usual treatment of for
ing goes awry. Butthe provident 
losure of any su
h set is a provident model of Z, over whi
h, as shown in Providentsets and rudimentary set for
ing, for
ing works well. In The Strength of Ma
 Lane Set Theory apro
ess is des
ribed of passing from a transitive model of Z + TCo to what is here 
alled its lune,whi
h is a larger model of Z + KP. Theorem: Over a provident model of Z, the two operations offorming lunes and generi
 extensions 
ommute. Corresponding results hold for transitive modelsof Ma
 Lane set theory + TCo.
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0: PreliminariesThe axioms of the weak systems we shall 
onsider are, with one ex
eption, summarised in x2 and dis
ussed indetail in The Strength of Ma
 Lane Set Theory [M1℄; the single ex
eption being the system PROV introdu
edin [M3℄.Rudimentary re
ursionLet p be a set. We 
all a unary fun
tion F : V �! V p-rudimentarily re
ursive if there is a rudimentarybinary fun
tion G : V �! V su
h that for all x F (x) = G(p; F �x).0�0 EXAMPLE The rank fun
tion, % : V �! On, is ?-rudimentarily re
ursive:%(x) =[f%(y)u 1 j y 2 xg:0�1 EXAMPLE The transitive 
losure, t
l(x) of a set is ditto:t
l(x) = x [[ft
l(y) j y 2 xg:0�2 EXAMPLE Ordinal addition is de�ned thus:�+ 0 = ��+ (� u 1) = (�+ �)u 1�+ � =[f�+ � j � < �gfor limit �For ea
h ordinal � the map � 7! �+� is �-rud re
, but no p exists for whi
h either � 7! �+� or � 7! �+�would be p-rud re
.0�3 REMARK The 
entral example of a rudimentary re
ursion is the following: let 
 be transitive. Thesequen
es 
� and P 
� are de�ned by a rudimentary re
ursion whi
h should be viewed as simultaneous.
0 = ?; 
�+1 = 
 \ fx j x � 
�g; 
� = [�<� 
� ;P 
0 = ?; P 
�+1 = T(P 
� ) [ 
�+1 [ f
�g; P 
� = [�<�P 
� :Here T is the rudimentary fun
tion introdu
ed in [M2℄: its 
hief properties are that for transitive u,u � T(u) � P(u), u 2 T(u), %(T(u)) = %(u)+1, and �nally that S n2!Tn(u) is rud 
losed, and indeed is therud 
losure of u [ fug.0�4 REMARK For any transitive 
, P 
! = HF.Provident setsWe 
all a set A p-provident if it is transitive, non-empty, 
losed under unordered pairs, and under allp-rud re
 fun
tions; so p 2 A. We 
all a set A provident if it is p-provident for every p 2 A.0�5 EXAMPLE For ea
h �, the Jensen set J!� is provident. For ea
h � > 1, the Jensen set J� is ?-provident.0�6 DEFINITION We 
all an ordinal inde
omposable if it is in�nite and 
losed under ordinal addition.0�7 PROPOSITION For ea
h transitive set 
 and inde
omposable �, P 
� is provident.The theory PROV is a �nitely axiomatisable �rst order set theory of whi
h the transitive models arepre
isely the provident sets. These notions are studied in detail in [M3℄.0�8 REMARK Ordinal multipli
ation is de�ned by re
ursion using ordinal addition: !, but not !2 is amember of J!, whi
h implies that ordinal multipli
ation is not rud re
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Rudimentary for
ingA development of for
ing suitable for models of weak systems of set theory is given in Provident setsand rudimentary set for
ing [M4℄. That approa
h to for
ing derives from but is not identi
al to that ofShoen�eld and Kunen.The �rst step to de�ning the for
ing relation is to de�nep k�0 a � b ()df (p; a) 2 b:p k�1 a � b ()df 9q :2IP �p 6 q & q k�0 a � b�:One then de�nes p k�a = b by a re
ursion whi
h may be viewed as essentially rud re
, and is dis
ussedin detail in [M4℄; from that one 
an de�ne p k�a � b, and then pro
eed as usual to de�ne p k�' for all _�0senten
es ' of the language of for
ing.Now given a transitive set M with P 2 M and an (M;P) generi
 �lter G, we de�ne the asso
iatedvaluation valG(�) by a G-rudimentary re
ursion:valG(x) = fvalG(y) j 9p :2G (p; y) 2 xg:The generi
 extension M [G℄ is then de�ned to be fvalG(x) j x 2Mg.In [M4℄ the following is proved:0�9 THEOREM A set-generi
 extension of a provident set is provident.Some remarks about names0�10 DEFINITION A1(a) =df f(p; x) j p k�1 x � ag.As in [M4, se
tion 5℄, we may 
he
k that A1(A1(a)) = A1(a) and that 1 k�A1(a) = a, so that A1(a)and a name the same obje
t in the generi
 extension; but often A1(a) is the more 
onvenient name. Inparti
ular, as we now show, the subsets of A1(a) in the ground model form names for the subsets of valG(a)in the generi
 extension.0�11 LEMMA If X � A1(a) and X 2 V then k�X _�a.0�12 PROPOSITION Let B = f(s; �) 2 A1(a) j s k�'[�; 
℄g. If B 2 V , then 1k�B = a _\ _fx_j'(x; 
℄ _gProof : Evidently s k�0 � � B =) s k�'(�; 
), when
e s k�1 � � B =) s k�'(�; 
). Now suppose s k�� � B.Then 8t :�s 9r :�t 9� r k�� = � & r k�1 � � B:For su
h r and � r k�'(�; 
), and so r k�'(�; 
). As su
h r are dense below s, s k�'(�; 
).In the other dire
tion, suppose p k�x � a & '(x; 
). Then8q :�p 9r :�q 9� r k�� = x & r k�1 � � a:For su
h r and �, (r; �) 2 A1(a), and r k�'(�; 
), so (r; �) 2 B, r k�� � B and r k�x � B. a (0�12)0�13 DEFINITION For any a, Y , set a \PY =df f(p; x) 2 A1(a) j p k�x � Y g.0�14 COROLLARY k�a \PY = a _\ Y .For the rest of this se
tion let A be su
h that A = A1(A), as it will be if of the form A1(a).0�15 DEFINITION We 
all a subset B of A neat in A if [(p; x) 2 A & p k�x � B℄ =) (p; x) 2 B;equivalently, if B = A \PB;0�16 REMARK If B is neat in A, then(i) p 6 q & (q; x) 2 B =) (p; x) 2 B;(ii) [(p; x) 2 B & (p; y) 2 A & p k�x = y℄ =) (p; y) 2 B;0�17 REMARK If B is neat in A, then for (p; x) 2 A, p k�0 x � B () p k�1 x � B () p k�x � B.0�18 LEMMA If B and C are disjoint sets both neat in A, then k�B _\C = _?.0�19 REMARK Subsets of A of the form f(s; �) 2 A j s k�'[�;C ℄g are neat in A.5 iii 2009 : : : : : : : : : : : : : : : : : : : : : : : : : The Zermelo Centenary Meeting : : : : : : : : : : : : : : : : : : : : : : : : : Page 3/14



1: Obsta
les to for
ing over a transitive model of Zermelo set theory.Now 
onsider the result of for
ing overM with the partial order with a unique top point, the ordinal 1, andnothing else, and let Gt be the generi
 �lter, so that Gt = f1g. One would expe
t to have M [Gt℄ =M . Theusual way to show that M �M [G℄ is to de�nex̂ = f(1; ŷ) j y 2 xgand verify that valG(x̂) = x, for x 2M .1�0 THEOREM There is a supertransitive model K of Z, with ! 2 K � V!+! and K[Gt℄ = HF.Proof : Let K0 = !, Kn+1 = P(Kn) and K = Sn2!Kn. This is a model mentioned by Mos
hovakis andEnderton; ! is a member of it butHF is not. To see thatK[G℄ = HF, we note that x � K0 =) valG(x) = ?and that (p; y) 2 x � K3n+3 =) y � K3n, from whi
h it follows thatx � K3n =) %(valG(x)) 6 n: a (1�0)1�1 REMARK For ea
h x 2 V , the transitive 
losure of x̂ 
ontains only �nitely many ordinals.1�2 DEFINITION For any limit ordinal �, we de�ne M13;� =df S fu j Su � u & u \ � < �g.It was shown in [M2, se
tion 7℄ that M13;� is a supertransitive proper 
lass, with M13;� \On = �, andis a model of Z; by the Remark, ea
h x̂ 2M13;�. Hen
e M13;�[Gt℄ = V .1�3 THEOREM There is a supertransitive model N of Z, a proper subset of V!+!, su
h that N[Gt℄ = V!+!.Proof : Take N = Sfu j Su � u & %(u) < ! + ! & u \ ! < !g, whi
h equals M13;! \ V!+! , then it isreadily 
he
ked that N is of height ! + ! and N[Gt℄ = V!+!. a (1�3)1�4 Suppose that F : On �! V is a fun
tion su
h that for ea
h �, F (�) 2 F (�+1) � P(F (�)), that F (0) = ?and that at a limit stage �, F (�) = S �<�F (�); so that ea
h F (�) is transitive.1�5 DEFINITION For � a limit ordinal, setAF;� =df �u �� Su � u & supf� 2 u \ On j F (�) 2 ug < �	; MF;� = SAF;�:1�6 PROPOSITION MF;� is a supertransitive model of Z for whi
h F (�) 2 MF;� () � < �. If F (�) is anordinal only for �nitely many �, then MF;� will 
ontain all ordinals and thus be a proper 
lass.Proof : as in Se
tion 7 of [M2℄. The union of two members of AF;� is in AF;�, and if u 2 AF;�, so is P(u);so that MF;� will be a supertransitive model of Z. a (1�6)1�7 COROLLARY There is a supertransitive 
lass model C of Z whi
h 
ontains a Cohen generi
 real 
 , andall 
onstru
tible sets, but su
h that neither L!+!(
) nor P 
!+! is in C.Proof : take � = ! + ! and F (�) = P 
� and C =MF;�. 
 2 P 
� whenever � > ! + 1, so that ea
h L� 2 AF;�and L �MF;�. a (1�7)1�8 REMARK The model C is the same as Model M18;!+! dis
ussed in [M3, se
tion 8℄, where several
onstru
tions based on variants of Proposition 1�6 above are given, to illustrate ways in whi
h rudimentaryre
ursions might fail in models of Z.Dis
ussionEvidently the 
ause of the pathology in the �rst two examples is thatN 
ontains too many hats, whereasK 
ontains too few.IfM is ?-provident, then �rst, all members ofM will have a hat inM ; so thatM �M [G℄; and se
ondlyfor the trivial for
ing and generi
 G 
onsidered above, G will be in M , and therefore valG(x) will be in Mfor ea
h x in M , valG(�) being de�ned by a rud re
ursion; so that M [G℄ �M ; thus M [G℄ =M , as one wouldhope. In parti
ular, the only hats in M would be those of members of M ,The model C shows that the 
onstru
tion of the generi
 extension, in this 
ase of L by the originalCohen for
ing, requires yet another rudimentary re
ursion that Z 
annot support.5 iii 2009 : : : : : : : : : : : : : : : : : : : : : : : : : The Zermelo Centenary Meeting : : : : : : : : : : : : : : : : : : : : : : : : : Page 4/14



2: Forming the lune of a modelThe system M0 may be given as the axioms of Extensionality, Null Set, Pairing, Union, and Power Set,(\P(x) 2 V ") plus the s
heme of �0 Separation. The system M1 is M0 + TCo + Foundation. The system Mis M1 + In�nity.Axiom H as given in [M1℄ is this statement:8x9T �ST � T & 8v(S v � v & v 6 x =) v � T )�:There is a variant of that, whi
h we shall 
all Axiom H�:8x9T �ST � T & 8v(S v � v & v 6� x =) v � T )�:Here m 6� n is Tarski's relation between 
ardinals whi
h holds i� there is a surje
tion of a set of size nonto a set of size m.2�0 LEMMA M ` H() H�.Proof : If m 6� n, 2m 6 2n. If 0 < m 6 n then m 6� n. a (2�0)2�1 PROPOSITION ([M1, 3�2, page 135℄) Over M0, H is equivalent to Mostowski's prin
iple that everyextensional well-founded relation is isomorphi
 to a transitive set.Se
tion 2 of [M1℄ dis
usses a 
onstru
tion that starting from any model M of M0 yields a model, whi
hin this paper we shall 
all Lune(M), of M1 + H: if, further, M satis�es M1, it will be interpretable as asubmodel of Lune(M).A similar 
onstru
tion, though di�ering in various details, is presented in Hinnion's thesis [H℄ whi
hstarting from models of NF yields models of subsystems of ZF.The passage from M to Lune(M) 
an be 
onsidered in two ways. If M is (a transitive set and) a�-model in the sense that every binary relation (a; r) 2 M that is 
onsidered by M to be extensional andwell-founded is genuinely well-founded, we 
an form the larger model by taking every su
h (a; r), transitisingit, and taking the union of the transitisations of all su
h well-founded extensional relations in M.But if M is not a �-model, the 
onstru
tion still is useful; we take all extensional well-founded relationsin the sense of M, and working within M, de�ne an interpretation (�)1 as in [M1℄; externally to M we 
ande�ne an equivalen
e relation and form the set of equivalen
e 
lasses, and de�ne a \membership" relationon that set.2�2 DEFINITION Lune(M) =df the resulting model.2�3 REMARK A 
ase where Lune(M) is ill-founded is provided by the model M des
ribed near the endof se
tion 6 of Strength, on pages 191-193, where we have added a non-standard quantity of Cohen realsto obtain a transitive model with a long well-ordering of the 
ontinuum not isomorphi
 to any standardordinal. M is transitive, but in it there is an ill-founded \well-ordering" of its 
ontinuum, and therefore the
orresponding ordinal of Lune(M) is ill-founded.Some properties of Lune2�4 REMARK IfM is a �-model, Lune(M) will be too, as in Lune(M) everything is isomorphi
 to somethingin M.2�5 REMARK A transitive model of MOST is ne
essarily a �-model as every well-founded relation is rankedby ordinals and the ordinals are true ordinals.2�6 LEMMA If M j= TCo then any subset 
 in Lune(M) of a member d of M is in M.Proof : The subset 
 is represented as (
; a; r) say: and d as (Æ; a; r); let d be in the transitive set u in M.In M 
onsider the maximum partial isomorphism from (u;2u) to (a; r): Æ must be in its range; so using 
we 
an now re
over 
. a (2�6)2�7 DEFINITION If M and N are two models, not ne
essarily standard ones, of some system of set theory,we shall writeM �d N to mean thatM is a submodel of N with the further property that whenever a 2M ,
 2 N , and N j= 
 � a then 
 2M ; thus we have just proved that provided M j= TCo, M �d Lune(M).5 iii 2009 : : : : : : : : : : : : : : : : : : : : : : : : : The Zermelo Centenary Meeting : : : : : : : : : : : : : : : : : : : : : : : : : Page 5/14



2�8 LEMMA Suppose that M , N , a, b, f are su
h that(i) M is a submodel of N ; (ii) N j= GJ0;(iii) b 2 N , a 2M , f 2 N , and N j= f : a onto�! b;(iv) for ea
h 
 2 N with N j= 
 � a, 
 2M ;(v) M j= P(a) exists.Then N j= P(b) exists:Proof : Let N j= g = f�1\ ^ h = g\. Su
h g and h exist in N by (ii). If N j= d � b, then by (iii) g(d) � a,and so by (iv) g(d) is in M ; further h(g(d)) = d. By (v), let M j= x = P(a); by (i), x 2 N ; let y 2 N withN j= y = h\x. Then N j= y = P(b). a (2�8)Proof in M + H that ea
h P 
� exists2�9 DEFINITION We write S(x) for the set of �nite subsets of x; for ordinal arguments, S is de�nable by arudimentary re
ursion:S(0) = f?g; S(� + 1) = S(�) [ fx [ f�g j x 2 S(�)g; S(�) = [�<�S(�):2�10 DEFINITION For a given transitive set 
 let C be the 
lass of �nite sequen
es of elements of S(!) [ 
.2�11 REMARK In M one 
an easily prove that C is a set using the axioms of in�nity and power set.We are about to present an apparently 
ir
ular argument. In fa
t what we are proving is that if forea
h � < �, a limit ordinal, the set P 
� exists, then S �<�P 
� is a set and thus P 
� exists.2�12 PROPOSITION For any ordinal � > !, if P 
� exists, then there is a surje
tion f� : C � S(�) onto�! P 
� .REMARK In fa
t one 
ould prove the proposition as stated for all � > 0, but it hardly seems worth startingearlier than stage !.Proof : (initial step) if � = !, then, using the A
kermann relation E on the integers su
h that (!;E) �=HF,one may easily de�ne f!.(su

essor step) Suppose ! 6 � and that we have de�ned f� : C � S(�) onto�! P 
� . Let � = � + 1: thenP 
� = T(P 
� ) [ 
� [ f
�g.We list in remark 2�74 of Weak Systems twelve ternary rudimentary fun
tions Si(� ; �; �) (i < 12) su
hthat for any non-empty transitive u, T(u) = [i<12Si\�fug � (u� u)�:So if z 2 T(P 
� ) then there are x and y in P 
� , and i < 12 with z = Si(P 
� ;x; y). In turn there are 
 andÆ in C and s and t in S(�) with x = f�(
; s) and y = f�(Æ; t). Let u = s [ t, and let p; q; r in S(!) be su
hthat r = p [ q, s = up;r and t = uq;r: that notation means that we 
hoose r with juj = jrj, and, writing �r;ufor the unique order-preserving bije
tion between r and u (whi
h exists as they are sets of ordinals of thesame order-type), we 
hoose p and q so that s = �r;u\p and t = �r;u\qLet n = `h(
) and let " = hi; p; q; r; nia
 aÆ.Then u 2 S(�) and " 2 C; and we may de�ne f� so that in the present 
ase, putting v = u [ f�g,f�("; v) = z, as follows.In the present, favourable, 
ase, "(0) is a natural number less than 12; "(1), "(2), and "(3) are �nitesubsets of ! with the third equalling the union of the �rst two: � 2 v and jvr f�gj = j"(3)j; "(4) is a naturalnumber; and the length `h(") is at least 5 + "(4).We may re
over 
 and Æ, whi
h we now 
all 
" and Æ" by the spe
i�
ations
" 2 C; `h(
") = "(4); 8k :<"(4) 
"(k) = "(5 + k);Æ" 2 C; `h(Æ") = `h(")� 5� "(4); 8k :<`h(Æ") Æ"(k) = "(5 + "(4) + k):5 iii 2009 : : : : : : : : : : : : : : : : : : : : : : : : : The Zermelo Centenary Meeting : : : : : : : : : : : : : : : : : : : : : : : : : Page 6/14



Our goal will thus be a
hieved if we de�ne for " 2 C and u 2 S(�),f�("; u) = f�("; u);f�("; u [ f�g) = S"(0)�P 
� ; f�(
"; u"(1);"(3)); f�(Æ"; u"(2);"(3))� if " is favourable ;f�(h12; fxgi; f�g) = �x if x 2 
� ,? otherwise;f�(h13i; f�g) = 
� ;f�("; u [ f�g) = ? in all other 
ases:(limit step) Suppose that � is a limit ordinal > ! and that for all � with ! 6 � < � we have de�ned f� .For non-empty t 2 S(�), let t0 = t \S t, so that t is the disjoint union of t0 and max t.De�ne for 
 2 C and t 2 S(�),f�(
; t) = � fmax t(
; t0) if t 6= ? and max t > !;? otherwise. a (2�12)2�13 REMARK The fun
tion � 7! f� is easily seen to be given by a rudimentary re
ursion in the parameters
, C, and G+, where the latter is the graph of addition of natural numbers. As G+ is a member of everyprovident set other than HF, our de�nitions would progress happily in any provident set of whi
h 
 and !are members.2�14 REMARK If 
 were empty, or more generally 
ame equipped with a well-ordering, we would be nearto the ideas of Koepke and van Eijmeren [vE, K1,2℄: they allow Skolem fun
tions to grow as well as well-orderings; in our 
ontext 
 might well be a set of reals with no natural well-ordering, so that de�nable Skolemfun
tions might not exist.2�15 REMARK Axiom H proves the existen
e of HF: take T in
luding all 
ountably in�nite transitive sets.2�16 PROPOSITION (M+ H) PROV.Proof : the �rst thing to 
he
k is that H guarantees the existen
e of �(a) and ��(a) for ea
h set a.Then one knows that TCo is provable; when
e transitive 
losures exist, using the power set axiom andrestri
ted separation.Now to show that ranks exist, let u be a transitive set, and let � = ��(P(u)). Then we may run theusual re
ursion but into �, sin
e ea
h positive ordinal generated will be a surje
tive image of P(u).To prove that ea
h P 
� exists we use the above lemma, and the variant H�. In e�e
t we are imitatingthe proof of Proposition 4.19 of [M1℄. a (2�16)
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3: The provident 
losure of a setIfM is a transitive non-empty model of AxPair and of TCo, the provident 
losure ofM is readily de�ned thus:3�0 DEFINITION Prov(M) =df SfP 
� j S 
 � 
 2 Mg, where � is the least inde
omposable ordinal not lessthan %(M).3�1 REMARK %(M) will be a limit ordinal. If %(M) is inde
omposable, � = %(M), otherwise � will be theordinal produ
t %(M)!.3�2 PROPOSITION (i) M � Prov(M); (ii) Prov(M) is provident;(iii) if P is provident and M � P , then Prov(M) � P .Proof : (i) holds as M models TCo; (ii) holds by the results of [M3, se
tion 5℄: spe
i�
ally, Theorem 5�42states that P 
� is provident whenever � is inde
omposable and 
 is transitive; Proposition 5�48 implies thatan upwards-dire
ted limit of provident sets is provident; and as M models AxPair, f
 2M j S 
 � 
g will beupwards dire
ted; (iii) holds sin
e if S 
 � 
, � 7! P 
� is given by a rudimentary re
ursion. a (3�1)3�2 EXAMPLE Prov(M13;!+! \ V!2) = V!2 , be
ause all the hats of members of V!2 are in M, from whi
hthe members 
an be re
overed by rud re
 pro
edures.Now we wish to relate Prov(M) to Lune(M).3�3 PROPOSITION Let M be a transitive model of M, and let H = Lune(M), whi
h might be ill-founded.Then the standard part of H is provident.Proof : By applying Proposition 2�16 within Lune(M), we know that every p-rudimentary re
ursion su

eeds;in parti
ular, rank is de�nable within Lune(M), and the standard part of Lune(M) are those members whoserank is a standard ordinal. It only remains to remark that the sum of two standard ordinals is standard andthat if 
 is a transitive set in the standard part of H and � is a standard ordinal, the set P 
� , whi
h exists inH , is standard. a (3�3)3�4 REMARK If AC were true in M, we 
ould alternatively argue that by Theorem 3.13 of [M1℄, H modelsKP; by Mlle Ville's lemma, its standard part is admissible; and all admissible sets are provident.3�5 PROPOSITION The provident 
losure of M is a subset of the standard part of Lune(M);3�6 COROLLARY M �d Prov(M).The next proposition is, perhaps, surprising.3�7 THEOREM Suppose M is a transitive model of Z + TCo or of M; then so is its provident 
losure I .Proof : The two main problems will be the power set axiom and the full separation s
heme. To show thatthe power set axiom is true in I , the following proposition will, by 2�6, 2�7 and 3�6, suÆ
e:3�8 PROPOSITION If y 2 I then there are f 2 I and x 2M with f : x onto�! y.Proof : The f 's will be fragments of rud re
 fun
tions. We must �rst show that if a well-founded relation inM is isomorphi
 to one in I then there is an isomorphism in I ; in fa
t we 
onstru
t these isomorphisms inthe reverse dire
tion in order to present them as rudimentary re
ursions on the membership relation.3�9 LEMMA Let u 2 I be transitive and isomorphi
 to an extensional well-founded relation (a; r) in M.Then the isomorphism, whi
h is unique, belongs to I .Proof : In M, note that if x � a, there is, by extensionality of r, at most one � 2 a su
h that x = f� 2 a j� 2r �g. Let X be the set of su
h subsets of (a). X � P(a) and is a set by �0 separation. For x 2 X leth(x) be the 
orresponding � Then h 2M � I .Now in I de�ne $ : u �! a by $(x) = h($\x):Sin
e h 2 I , that 
an be 
onstrued as a h-rudimentary re
ursion; sin
e I is provident, $ �u is in I and is thedesired isomorphism. a (3�9)The Proposition follows from the Lemma, the 
onstru
tion of H and the fa
t that M � I � H . a (3�8)Proof of 3�7, 
ontinued: To show that if M models full separation, so does I , we must show that there is aninterpretation of I in M: that is nearly obvious, as there is an interpretation of the mu
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in M; the problem is that as two models M might have the same lune, it is un
lear that M will always bede�nable in H .3�10 REMARK Indeed if K is the Mos
hovakis{Enderton model dis
ussed in Se
tion 1, then for any super-transitive E with K � E � V!+!, Lune(E) = Hi! . There are i!+1 su
h sets. So some of them are notde�nable over Hi! even allowing parameters from Hi! in their de�nition.3�11 PROPOSITION M is not a member of Lune(M).Proof : If M 2 Lune(M), there are (a; r) 2 M and  2 Lune(M) su
h that  : (a; r) �= M. SetB = fx 2 a j x =2  (x)g. Then B � a 2 M; B 2 Lune(M), so B 2 M. So for some b 2 a, B =  (b). Butthen b 2 B () b 2  (b)() b =2 B, a 
ontradi
tion. a (3�11)3�12 REMARK On
e we have proved the main result of x4, we shall be able to improve that to the statementthat M lies in no set-generi
 extension of Lune(M).So we must look for a more spe
i�
 interpretation. For H we would 
onsider all (�; a; r) where (a; r) iswell-founded and extensional and � 2 a. For I we look at su
h (a; r) only when they are 
onstru
tible as
odes of some P 
� where 
 is in M and � is a �nite sum of ordinals that are ranks of elements of M.3�13 LEMMA Ea
h ordinal less than � is the sum of �nitely many ordinals less than � = %(M).Proof : trivial if � = �; otherwise � will be de
omposable and so the sum of two ordinals less than �, andea
h ordinal less than � is bounded by some �nite multiple of �. a (3�13)3�14 LEMMA Every ordinal smaller than the rank of a transitive set is the rank of a member of it.3�15 REMARK There are in M transitive sets of every rank, for by Corollary 3�7, if 
 2M is transitive, allthe 
� 's, whi
h are 
ertainly in Prov(M), will be in M.3�16 We seek now to 
hara
terise among transitive sets the P 
� for limit �, at least when � > %(
). Considerthe following type in the variable 
, namely the 
onjun
tion of(3�16�0) 
 is transitive;(3�16�1) there is no largest ordinal;(3�16�2) GJ0, the �nitely axiomatisable theory of whi
h the transitive models are the rud 
losed sets;(3�16�3) ea
h set is in the domain of an attempt at the rank fun
tion;(3�16�4) ea
h ordinal is in the domain of an attempt at the sequen
e h
� j � � ONi;(3�16�5) ea
h ordinal is in the domain of an attempt at the sequen
e hP
� j � � ONi;(3�16�6) ea
h set is a member of some P 
� .We abbreviate that formula as V = P(
).3�17 PROPOSITION If u is transitive, 
 2 u and u j= V = P[
℄, then u = P 
On\u.3�18 PROPOSITION If (a; r) is well-founded and extensional and models W
 V = P(
), then for some transitive
 and limit � > %(
), $R : (a; r) �= (P 
� ;2P 
� ).3�19 DEFINITION Let (a; r) be well-founded and extensional and model V = P[
℄ for some 
 2 a. We say that(a; r) is 
-small if in addition there is a se
ond well-founded and extensional relation (b; s) with Dom (�arbs) =a, whi
h 
erti�es that all the ordinals in (a; r) are less than the rank of 
 times !.We now de�ne, in M, I to be the 
lass of well-founded extensional (a; r) su
h that there is a transitiveset d 2M whi
h is represented in (a; r) by a 
 su
h that (a; r) j= V = P[
℄ and (a; r) is 
-small.3�20 PROPOSITION Let M be a transitive model of M, in
luding TCo. Then every element of I is genuinelywell-founded, and the union of the transitisations of the members of I is Prov(M).The proof exploits the fa
t, an easy 
orollary of results proved in [M3℄, that if � is an ordinal, and e andf are transitive sets with e 2 P f� , then for every limit ordinal �, P e� � P f�+�.3�21 PROPOSITION If in addition M j= Z+ TCo, then Prov(M) j= Z+ TCo + PROV.Proof : Following the proof of Lemma 2�37 of [M1℄ we may translate statements of the form Prov(M) j= �to statements insideM about I, and then use separation insideM to 
onstru
t the required representatives.a (3�21)The proof of Theorem 3�7 is now 
omplete. a (3�7)5 iii 2009 : : : : : : : : : : : : : : : : : : : : : : : : : The Zermelo Centenary Meeting : : : : : : : : : : : : : : : : : : : : : : : : : Page 9/14



4: Axioms preserved by for
ingIn this se
tion we shall speak of various axioms and systems as being persistent: by that we shall meanthat if true in the ground model they will remain true in ea
h set-for
ing extension. There is a 
ertainvagueness, as we do not spe
ify the rest of the axioms of set theory supposed to hold in the ground model;but in view of the main theorem of [M4℄ we shall assume that we are doing set for
ing over a provident set,and seek to show that further axioms, if added, will be for
ed. The examples we have in mind are the PowerSet axiom, Axiom H and KPP .4�0 LEMMA Let I and H be two provident sets with I �d H . Let P 2 I and let G be (I; P) generi
. ThenG is (H; G) generi
, and I [G℄ �d H [G℄.Proof : The �rst remark follows sin
e every subset of IP in H is in I and therefore is met by G. Supposethat k�x _�X , where X 2 I and x 2 H . LetA = f(p; y) jp;y p k�1 y � X & p k�y � xg � IP2 �S 2XB = f(p; y) jp;y p k�1 y � Xg = A1(X)Then A 2 H by rud re
 separation, A � B 2 I ; so A 2 I , by hypothesis.We must 
he
k that valG(A) = valG(x); we know that valG(B) = valG(X).valG(A) = fvalG(y) j 9p :2G p k�1 y � X & p k�y � xg. Plainly valG(A) � valG(x). If t 2 valG(x), sin
evalG(x) � valG(X), we may take t = valG(�) where � 2 I and for some p 2 G, p k�1 � � X and p k�� � x; butthen (p; �) 2 A and valG(�) 2 valG(A). a (4�0)Persisten
e of the power set axiom4�1 PROPOSITION p k�Vy(y _�a �! �(y))() 8s�A1(a) p k��[s℄.Proof : Suppose p k�Vy(y _�a �! �(y)). Let s � A1(a); k�s _�a; therefore p k��[s℄. In the other dire
tion,towards a 
ontradi
tion, suppose that 8s�A1(a) p k��[s℄, but that 9q :� p 9b q k�b _� a & q k�q�[b℄. Lett = a \P b. Then t � A1(a), so that p k��[t℄, and q k�t = b, whi
h is absurd. a (4�1)Thus if we de�ne4�2 DEFINITION PP(a) =df f1IPg � P(A1(a)).then the power set axiom will assure its set-hood and we may prove the following:4�3 PROPOSITION k�PP(a) = _P(a).Persisten
e of S(x) 2 VIn [M2℄ we study at some length the operator S(x), de�ned as the 
lass of �nite subsets of x; in modelsof 
ertain weak systems, that may for 
ertain x fail to be a set.4�4 DEFINITION SP(a) =df f1IPg � S(A1(a)).If S(x) 2 V holds, then SP(a) will be a set, and as above we may prove the following:4�5 PROPOSITION k�SP(a) = _S(a).Persisten
e of 
at restri
ted 
olle
tion4�6 PROPOSITION FlatColl is persistent.Proof : Suppose that p k�Vx : � aWy _� d _�.Then 8q :� p�q k�1 x � a =) 9y�IP�S2d 9r :� q r k� _�:�So there is a B su
h that 8q :� p�q k�1 x � a =) 9y :2B 9r :� q r k��(x; y):�So form b =df f(1IP; y) j y 2 Bg. Thenp k�Vx : � aWy : � b�(x; y) & y _�d: a (4�6)5 iii 2009 : : : : : : : : : : : : : : : : : : : : : : : : The Zermelo Centenary Meeting : : : : : : : : : : : : : : : : : : : : : : : : Page 10/14



Persisten
e of M + PROVThat theory is PROVI + the power set axiom, and thus is persistent by the above and the main result of[M4℄.Persisten
e of Axiom HWe shall show, assuming M + H, that \every well-founded extensional relation is isomorphi
 to atransitive set" is for
ed, and then invoke Proposition 2�1.4�7 We start from a, R su
h thatk� a is a set and R is a well-founded extensional relation on it:Let A = A1(a). We are going to de�ne a sequen
e of subsets of A in what is something like a monotoni
indu
tive de�nition. Axiom H is enough to sustain this de�nition and to provide enough ordinals for itto work; so we have in e�e
t de�ned in the generi
 extension an isomorphism of the said relation with atransitive set. Our model is this re
ursive de�nition:$R(x) = f$R(y) j yRxg:4�8 DEFINITION For any B � A we put�(B) =df f(p; x) 2 A j p k�q(x � B) & p k�Vy : �A(yRx �! y � B)g:4�9 REMARK(i) �(B) is the result of applying to A a rud re
 separator, and thus is a set.(ii) Moreover, � : P(A) �! P(A) and will be a set, provably in M + H.(iii) By Remark 0�19, �(B) is neat in A.(iv) k��(B) _\B = _?.4�10 LEMMA �(B) = ?() A = B.4�11 DEFINITION Let � = �(P(A)). For � 6 � we de�ne subsets A� , B� of A.We put B0 = ? and A0 = �(B0);at su

essor stages: put B�+1 = f(p; x) 2 A j p k�x � A� _[ B�g; A�+1 = �(B�+1);at a limit stage �, put B� = f(s; �) 2 A j 8p :�s 9q :�p 9� :<� (q; �) 2 A�g, and put A� = �(B�).4�12 LEMMA For ea
h �,(4�12�0) B� and A� are sets, and are neat in A;(4�12�1) k�A� _� a;(4�12�2) valG(A�) = fx j x is an valG(R)-minimal member of valG(A)r valG(B�)g;(4�12�3) For � < � 6 �, k�A� _\ A� = _?:4�13 REMARK The A� 's are pairwise disjoint, and therefore 
annot be non-empty for all � < �, else wewould have de�ned an inje
tion of � into P(A), 
ontrary to the 
hoi
e of �.So let � be the �rst ordinal with A� = ?; then B� = A, and for all larger �, B� = A and A� = ?.4�14 REMARK We may regard the above as a rud re
 de�nition in the parameters �, A and R.4�15 LEMMA 8� :�� valG(B�) = S�<� valG(A�).4�16 We de�ne a map $PR with domain fx j 9p (p; x) 2 B�g. We set for su
h x$PR(x) =df [�<�f(p; $PR(y)) j (p; x) 2 A� & (p; y) 2 B� & p k�yRxgWe remark that:(i) if f and g are the maps � 7! A� and � 7! B� for � 6 �, then f , g are sets, using the power set axiom,and so the de�nition of $PR may be 
onstrued as a rudimentary re
ursion in the parameters f , g, A and R.5 iii 2009 : : : : : : : : : : : : : : : : : : : : : : : : The Zermelo Centenary Meeting : : : : : : : : : : : : : : : : : : : : : : : : Page 11/14



(ii) ea
h (p; x) 2 B� is in at most one A� as they are disjoint as sets; but more than that, if (p; x) 2 A�and (q; x) 2 A� where � < �, then p and q are in
ompatible, and so 
annot both be in G; sin
e k�A� _\ A� = _?:(iii) for every (p; x) 2 B� with p 2 G, there is a � < � and a q 2 G with (q; x) 2 A� : for suppose thatp 2 G; then p k�x � B�, be
ause k�A = B�. So 9q :�p 9� :<� q k�x � A� so (q; x) 2 A� , sin
e A� is neat inA. Thus valG($PR(x)) = [�<��valG($PR(y))��9p :2G (p; x) 2 A� & (p; y) 2 B� & p k�yRx	Let �(x) be the unique � 
on
erned (whi
h exists by (i) and (ii)). ThenvalG($PR(x)) = �valG($PR(y))��9p :2G (p; x) 2 A�(x) & (p; y) 2 B�(x) & p k�yR x	� �valG($PR(y))��valG(x) 2 valG(A�(x)) & valG(y) 2 valG(B�(x)) & valG(y) valG(R) valG(x)	� �valG($PR(y))��valG(y) 2 valG(B�(x)) & valG(y) valG(R) valG(x)	� �valG($PR(y))��valG(y) valG(R) valG(x)	Now suppose, for the same x, that in M [G℄, valG(y) valG(R) valG(x); then for some q 2 G, q k�yRx;we may suppose there is an r 2 G with r k�1 x � A�(x); so if p0 2 G is below both q and r, p0 k�y � B�(x);and we 
an �nd y0 and strengthen p0 to a p 2 G with p k�y = y0 and p k�1 y0 � B�(x) and p k�1 x � A�(x).In these 
ir
umstan
es, valG(y0) = valG(y); but that, together with the neatness of ea
h A� and B� , impliesthat valG($PR(y0)) = valG($PR(y)). We 
on
lude thatvalG($PR(x)) = �valG($PR(y))��valG(y) valG(R) valG(x)	We now introdu
e a name, F :F =df f(p; ($PR(x); x)P2) j (p; x) 2 Ag:Here (a; b)P2 is the for
ing name de�ned in [M4℄ su
h that valG((a; b)P2) = (valG(a); valG(b)). F is a set,using some rud re
ursion, whi
h is available assuming H.4�17 PROPOSITION In M [G℄, valG(F ) is a fun
tion and for ea
h (p; x) 2 A,p 2 G =) (valG(F ))(valG(x)) = valG($PR(x))A name for the image of valG(F ) is easily built: set u =df f(s; $PR(�)) j (s; �) 2 Ag.4�18 LEMMA valG(u) is transitive and is the image of valG(F ).The persisten
e of Axiom H has now been proved.4�19 PROPOSITION Let M j= M. Then M lies in no set-generi
 extension of Lune(M).Proof : Write H for Lune(M). Suppose that M 2 H [G℄. We now know that H [G℄ j= M+ H; so, working inH [G℄, we may dedu
e that there is a transitive set T whi
h in
ludes all transitive sets v with v 6M. Amongthose are transitisations of all well-founded extensional relations that are members of M; so H � T 2 H [G℄.Let T = valG(t) where t 2 H . Work now in H , and 
onsider the map  : H �! P(A1(t)) given byh 7! f(p; �) j p k�ĥ = �g. It is routine to verify that for h 2 H ,  (h) is non-empty, and that indeed  isinje
tive. But that is absurd, as  is de�nable over H , the power set axiom is true there, and by Cantorthere 
an be no inje
tion of P(P(A1(t)) into P(A1(t)). a (4�19)Persisten
e of KPPMu
h as the persisten
e of KP was done in [M4℄, with, in addition, mu
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5: For
ing over provident models of Zermelo set theoryIn this se
tion we dis
uss the possibility of the following diagram 
ommuting:H �!valG H [G℄" Lune " LuneP 2 I �!valG I [G℄5�0 THEOREM Let I and H be transitive sets su
h that I is a provident model of Z or at least M, andH = Lune(I). Let P 2 I and let G be (I;P) generi
. Then G is (H;P) generi
, and further H [G℄ = Lune(I [G℄).Proof : That G is (H;P) generi
 is immediate from the fa
t that IP 2 I and so every subset of it whi
h isin H is in I . The analysis of the relationship of H [G℄ to I [G℄ rests on the 
ommutativity of diagrams of thefollowing kind: (A;2A) �!valG (A[G℄;2A[G℄)$R" $S"(M;R) �!valE (N;S)whi
h must now be explained.In the above diagram we suppose that A is a provident member of H whi
h 
ontains P [ P(P)I ; so,ne
essarily, �= and �� and % are total on A, so that its rank is the least ordinal not in it; further A will
ontain the hats of all its members and G will be (A;P)-generi
; and so by our observations in Se
tion 1,A � A[G℄. Be
ause H is 
losed under ordinal multipli
ation and unordered pairing, it will be a union ofprovident sets of that kind.Thus A[G℄ will be transitive and a member of H [G℄, as A[G℄ = valG(B), where B = f(1IP; x̂) j x 2 Ag.We wish to show that A[G℄ is isomorphi
 to something in I [G℄. That will suÆ
e, as every member of Hwill be a member of some su
h A, and so every member of H [G℄ will be a member of some su
h A[G℄.We know that A with the membership relation 2A (= 2\(a�a))will be isomorphi
 to some well-foundedextensional relation, (M;R) say, in I ; we write $R for the isomorphism from (M;R) to (A;2A). $R 2 Hsin
e (M;R) is well-founded in H and H j= MOST.Sin
e P 2 A, P will be isomorphi
 to something in M . G is thus isomorphi
 to a generi
 F for (M;R),and we have to de�ne valF . Let P 2 M be given by $R(P ) = IP. Then F = fp 2 M j $R(p) 2 Gg.F 2 H [G℄ sin
e both G and $R are, but it is a subset of M 2 I [G℄, and so F 2 I [G℄ by Lemma 4�6.Now work in I [G℄, whi
h is a model of M + PROV sin
e I is. We follow the approa
h to for
ing overarbitrary models of suÆ
ient set theory des
ribed in [M1℄ se
tion 6.We �rst de�ne an equivalen
e relation: for x and y in M , we sayx �F y ()df 9p :2F M j= (p k�x = y):We write (x)F for the equivalen
e 
lass of x 2M , whi
h will be a member of I [G℄ by _�0 separation withM and F as parameters; (we need not here de�ne M j= ' in general as we need it only for �nitely manyinstan
es); and then using the power set axiom in I [G℄ we form the 
olle
tion N of equivalen
e 
lasses; soN 2 I [G℄.Then using F we de�ne the relation S between two members of N :(y)F S (x)F ()df 9p :2F M j= (p k�y � x):S � N �N , so will be a member of I [G℄, again by _�0 separation with M and F as parameters.Thus (N;S) is a member of I [G℄. We must show that it 
an be interpreted as a generi
 extension of(M;R): on
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so set for
ing over it adds no new ordinals; and so the ordinals of (N;S) are those of (M;R), whi
h inturn are isomorphi
 to the ordinals of A whi
h are real ordinals and thus well-founded; but PROV provesthe existen
e of the rank fun
tion, and therefore the well-foundedness of the ordinals of (M;R) implies thewell-foundedness of the model itself.To represent (N;S) as a generi
 extension, we note �rst that F is represented in (N;S):(i) there is an _F in M with (M;R) j= � _F = f(p; p̂ j p � Pg�, where $R(P ) = IP;(ii) there is an embedding i : (M;R) 1�1�! (N;S) given by i(m) = (m̂)F , where the hat is 
omputed inM ; so mRn =) i(m)S i(n), et 
etera;(iii) i(p)S ( _F)F () p 2 F .Set E =df ( _F)F . E 2 (N;S). In (N;S) we may de�ne valE(�) by the 
ustomary re
ursion and verifythat for all x in M , valE(x) = (x)F .Finally we must verify that when we transitise (N;S) using $S , we obtain (A[G℄;2A[G℄). But $R and$S are isomorphisms, and so that will follow by 
omparing the de�nitions of valG and valE , as indi
ated bythe following remarks.5�1 For x 2M , valE(x) = (x)F ; note that$S((x)F ) = �$S((y)F ) �� 9p :2F (M;R) j= [p k�y � x℄	= �$S((y)F ) �� 9p :2F (M;R) j= [p k�1 y � x℄	whereas valG($R(x)) = �valG($R(y)) �� 9p :2G (A;2A) j= [p k�$R(y) � $R(x)℄	= �valG($R(y)) �� 9p :2G (A;2A) j= [p k�1 $R(y) � $R(x)℄	but F = fp 2M j $R(p) 2 Gg.A trans�nite re
ursion on R will now show that for ea
h x 2M , if $S( valE(y)) = valG($R(y)) for ea
hy with yRx, then $S( valE(x)) = valG($R(x)). a (5�1)5�2 COROLLARY Any well founded extensional relation in I [G℄ is isomorphi
 in H [G℄ to a transitive set.Proof : by Lemma 4�6 it will preserve its well-foundedness in H [G℄; and now its 
ollapsibility to a transitiveset will hold as we have shown that the truth of Axiom H in H implies the truth of MOST in H [G℄. a (5�2)5�3 LEMMA Any transitive set of H [G℄ is the 
ollapse of something in I [G℄Proof : we have essentially already proved that. If u is su
h a set, it will be valG(x) for some x 2 H ; we �nda provident A 2 H as above with x 2 A, and then argue as before. a (5�3)5�4 REMARK We have proved Theorem 5�0 for the 
ase that I and H are transitive; but the result thatthere is a 
ommuting diagram will still hold when H or even I fails to be a �-model, as if I is a (
ountable)non-� possibly ill-founded model of MSF + Z or MAC, we may des
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