
Provident sets and rudimentary set for
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Abstra
t. Using the theory of rudimentary re
ursion and provident sets developed in a previouspaper, we give a treatment of set for
ing appropriate for working over models of a theory PROVIwhi
h may plausibly 
laim to be the weakest set theory supporting a smooth theory of set for
ing,and of whi
h the minimal model is Jensen's J!. Mu
h of the development is rudimentary or atworst given by rudimentary re
ursions with parameter the notion of for
ing under 
onsideration.Our development es
hews the power set axiom. We show that the for
ing relation for _�0 w�s ispropagated through our hierar
hies by a rudimentary fun
tion, and we show that the 
onstru
-tion of names for the values of rudimentary and rudimentarily re
ursive fun
tions is similarlypropagated. Our main result is that a set-generi
 extension of a provident set is provident.
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0: Introdu
tionThere is a 
ertain �nitely axiomatisable theory whi
h we 
all PROV, whi
h is weaker than Kripke-Platek settheory KP, but stronger than Gandy-Jensen set theory, GJ. All three theories are true inHF = V! = J1 = L!;if an axiom of in�nity be added to ea
h theory, giving the theories KPI, PROVI and GJI, the minimal transitivemodels are then respe
tively the Jensen fragments J!CK1 , J! and J2.The provident sets are HF and the transitive models of PROVI. We show that every provident set Asupports the de�nition of the for
ing relation k�IP when P 2 A; our main result is that a set-generi
 extensionof a provident set is provident.For most of this paper we avoid use of the power set axiom; we examine in another paper [M5℄ theproblems and possibilities of set for
ing over models of Ma
 Lane or of Zermelo set theory, two theorieswhi
h in
lude the power set axiom.We draw on the results of Rudimentary re
ursion and provident sets [M4℄, and in parti
ular we makeheavy use of the rudimentary fun
tion T whi
h was introdu
ed inWeak systems of Gandy, Jensen and Devlin[M3℄: its properties are that if u is transitive, then T(u) is transitive, with u both a member and a subset ofit; every member of T(u) is a subset of u; further, the union over all n of Tn(u) is the rudimentary 
losureof u [ fug.Provident setsLet p be a set. Call a fun
tion x 7! F (x) p-rud-re
 (short for p-rudimentarily re
ursive) if there is a rudfun
tion H su
h that for every set x F (x) = H(p; F �x):Examples: the rank fun
tion, %, and transitive 
losure, t
l, are ?-rud-re
; the evaluation valG(�) of the namesof a for
ing language using a generi
 G is G-rud-re
. The axioms of PROV are su
h that its transitive modelsare those transitive sets A su
h that for ea
h p, ea
h p-rud-re
 F and ea
h x 2 A, F (x) is in A.Let 
 be a transitive set; using T we de�ne in x2 a hierar
hy giving an initial segment of L(
) by are
ursion on the ordinals. The novelty of the de�nition is that the whole of 
 is not in
luded at the start,but its members are fed in a

ording to their rank: if we put 
� = fx 2 
 j %(x) < �g, then the following
-rud re
ursion on the ordinals holds:
0 = 0; 
�+1 = 
 \ fx j x � 
�g; 
� = S f
� j � < �g at limit �.The 
anoni
al progress towards 
 is the hierar
hy P 
� de�ned by settingP 
0 = ?; P 
�+1 = T(P 
� ) [ f
�g [ 
�+1; P 
� = S fP 
� j � < �g at limit �.0�0 REMARK As 
� = 
 \ P 
� , we might have de�ned P 
� by a single 
-rudimentary re
ursion on ordinals:P 
0 = ?; P 
�+1 = T(P 
� ) [ f
 \ P 
� g [ (
 \ fx j x � P 
� g); P 
� = [�<�P 
� :The axiomatization of PROV may then be summarised asextensionality+ the empty set exists+ all rudimentary fun
tions are defined everywhere+ every set has a rank+ every set has a transitive 
losure+ for every transitive 
 and ordinal � the set P 
� existsSet-for
ing over provident setsLet A be a transitive model of PROVI; let P be a separative partial ordering whi
h is a member of A.Many fun
tions and relations involved in the development of for
ing, though not known expli
itly to be P-rud-re
, may be 
alled essentially P-rud-re
 in that their restri
tion, or the restri
tion of their 
hara
teristi
fun
tions, to the stages P 
� of a progress exhibits the same pattern of uniform aÆne delay proved in [M4,se
tion 5℄ to hold for truly P-rud re
 fun
tions.3 v 2009 : : : : : : : : : : : : : : : : : : Provident sets and rudimentary set for
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The �rst goal of the paper is to prove that for ea
h ` the for
ing relation p k�IP', restri
ted to thosesenten
es of the language of for
ing that are _�0 and of length at most `, is, in that sense, essentially P-rud-re
.The se
ond goal is to analyse the 
onstru
tion of names for the values of fun
tions applied to obje
ts ina generi
 extension. We speak of this task as the 
onstru
tion of Cohen terms for the fun
tions 
on
erned.The �rst stage of that is to show that to ea
h rudimentary fun
tion R, say of two variables, there is anessentially P-rud-re
 fun
tion RP of two variables su
h that for (A;P)-generi
 G and all x, y in AvalG(RP(x; y)) = R(valG(x); valG(y)):We shall then �nd P-rud re
 fun
tions %P and t
lP that similarly build names for the rank and thetransitive 
losure of a given obje
t from its for
ing name.Finally we must build names for the stages of a progress � 7! P d� for d a transitive set in the generi
extension. It is here that fun
tions of aÆne delay prove to be insuÆ
ient; when %(P) is small, we may use
ertain fun
tions of larger delay under whi
h provident sets are nevertheless 
losed; in the general 
ase wemust re-interpret our universe in terms of rudimentary re
ursion from the ternary relation p k�IPa = b.The main theorem will then follow easily for provident sets of the form P e� , and will immediately extendto all provident sets 
ontaining P, using a result from [M4℄ that every provident set is the union of a dire
tedfamily of sets of the form P 
� .1: Heuristi
We begin with some reminders of the general 
hara
ter of for
ing: the present dis
ussion is heuristi
, to givethe reader a feel for the way the for
ing relation will operate. In parti
ular, the methods used in this se
tionfor naming old and new obje
ts are, dangerously, simpler than the methods of the formal development to begiven in subsequent se
tions.Suppose we fa
e the following 
hallenge:given a transitive M , to �nd a transitive N �M with On \N = On \M but where N 
ontains asubset of ! not in M .If M is admissible, su
h an N will ne
essarily violate the axiom of 
onstru
tibility, for (L)N = (L)M .Thus we are aiming to add a set a � ! to M .1�0 We begin by asking questions about a: suppose we have some information p about a: what statementsabout a will be for
ed to be true ? For example if p is the statement that 5 2 a, then Not all members ofa are even is for
ed by p.Our beginning intuition for for
ing is the idea that we have pie
es of partial information about the newobje
t we are adding, and that we build up a pi
ture of the new model from this partial information.Our pie
es of information are 
alled 
onditions, and to start with we suppose that the 
olle
tion of
onditions is a set, IP. Experien
e shows that we should make the following assumptions about IP:(1�0�0) IP is partially ordered by a relation6; if p 6 q we think that p 
ontainsmore informationthan q.(1�0�1) To get something interesting we allow the possibility of two 
onditions being in
ompat-ible: we say that p is 
ompatible with q if there is some r stronger than both: r 6 p & r 6 q; andwe say that p is in
ompatible with q, in symbols p ? q, if no su
h r exists.(1�0�2) We assume that any 
ondition 
an be strengthened in two in
ompatible ways:8p9q :�p 9r :�p q ? r(1�0�3) We suppose that IP has a greatest element 1 = 1IP, where this 
ondition is the one thatgives us no information at all. Thus 1IP is 
ompatible with every 
ondition.(1�0�4) Finally we suppose that IP is separative: that is,8p8q(p 66 q =) 9r :�p r ? q):Su
h a IP is 
alled a notion of for
ing. Let us look at two examples.3 v 2009 : : : : : : : : : : : : : : : : : : Provident sets and rudimentary set for
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Cohen's original for
ing:We take IP =[fn2 j n 2 !g = <!2the set of �nite maps from ! to 2 = f0; 1g.We de�ne the ordering by reverse in
lusion:p 6IP q () q � p:This for
ing is intended to add a \generi
" a : ! ! 2. We take a symbol _a and use it as a name for thenew a that we are trying to add.The intended meaning of a 
ondition p : n �! ! is that _a�n = p. So if n = 6 and p(3) = 1, then p willfor
e the statement that _a(3̂) = 1̂.We suppose that we are in one universe, whi
h we 
all the ground model, des
ribing a larger universe,whi
h we 
all the generi
 extension; the new obje
ts are only partially known to us, so we use dotted lettersas names for them, as _a. The obje
ts in the ground model are fully known to us, and we name them withhatted letters: thus 3̂ is our name for 3 in the language of for
ing.Continuing our dis
ussion of Cohen's original, we show now that the new real _a is not the same as anyold real b̂: pre
isely, we prove the following:1�1 PROPOSITION Let b : ! �! 2. Then 8p9q :�p q k�IP b̂ 6= _a.Noti
e the topologi
al 
avour to this proposition: it is saying that the set of 
onditions for
ing a 
ertainstatement is dense. Indeed we may topologise IP so that is exa
tly what is happening.Proof of 1�1: given p, let n = dom (p); n is of 
ourse the least natural number not in the domain of p. Lookat b(n), and let q = p [ fh1� b(n); nig. a (1�1)So in any model in whi
h everything that is for
ed on a dense set is true _a will be a new subset of !.This notion of density is 
entral to the 
on
ept of for
ing. One of the properties of the for
ing relation,whi
h we shall refer to as the density property, is thatp k�IP'() 8q :�p 9r :�q r k�IP�:As we progessively extend the de�nition of the for
ing relation to ever wider 
lasses of formul�, we shall
he
k at ea
h stage that the density property and other 
hara
teristi
 properties of for
ing are preserved.Another exampleLet � be an in�nite ordinal. This time takeIP = fp j 9n :2! p : n 1�1�! �g:As before order by reverse in
lusion: p 6IP q () q � p:This for
ing adds a generi
 _f : !̂ 1�1�! �̂: a 
ondition p with domain n is a des
ription of _f � n̂.So 1IP k�IP _f � ^`(p) = p̂:1�2 EXERCISE 1IP k�IP _f is 1� 1:1�3 PROPOSITION 1IP k�IP�̂ is 
ountable:Proof : by a density argument. Given p, n not in dom (p) and an ordinal � < �, suppose that � is not inthe image of p. we �nd q 6IPp su
h that n 2 dom (q) and q(n) = �.Thus we have shown that 8� :�� 8p9q :�p q k�IP�̂ � the image of _f:3 v 2009 : : : : : : : : : : : : : : : : : : Provident sets and rudimentary set for
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2: For
ing in provident setsLet M be a provident set, and P = hIP; 1IP;�i a separative partial order in M , with a top point 1 = 1IP.We suppose that ! 2M .We aim to de�ne within M a relation k�, more exa
tly k�IP, des
ribing an extensionM [G℄ ofM , where Gis an (M;P)-generi
 �lter. Ea
h obje
t in M potentially names an element of M [G℄. k� is a relation betweenelements of IP and senten
es in a language of set theory that we shall gradually build up. In fa
t the fullrelation 
an only be de�ned s
hemati
ally within M .This language will start from two two-pla
e relations = and � and will broadly resemble the formallanguages introdu
ed in the paper The Strength of Ma
 Lane Set Theory [M2℄. We shall use our devi
esof dots and type-writer fa
e as before; but the 
onstants will play a di�erent role, and hen
e we shall use adi�erent mark. To ea
h set x in the universe 
orresponds a name x for an obje
t in the generi
 extension.Thus the statement p k�IPx � y expresses information about the evaluation of the obje
ts x and y fun
tioningas names of sets to be 
reated in the for
ing extension given by the notion of for
ing IP.2�0 DEFINITION p k�0 a � b ()df (p; a) 2 b.k�0 is our �rst approximation to the relation k�.2�1 LEMMA If p k�0 a � b then a 2 SS b.2�2 DEFINITION In future we shall write S 2x for SSx.2�3 LEMMA k�0 is �0, indeed rudimentary.2�4 REMARK For relations, �0 and rud are the same: 
f Devlin [De, VI.1.5℄.2�5 DEFINITION p k�1 a � b ()df 9q :2S 2b [q � p & (q; a) 2 b℄:2�6 LEMMA For all p 2 P, a and b:(2�6�0) p k�0 a � b =) p k�1 a � b;(2�6�1) if p k�1 a � b then a 2 S 2b;(2�6�2) k�1 is rudimentary in P.2�7 LEMMA If p k�1 a � b and r � p then r k�1 a � b.This last statement shows that k�1 improves k�0 and starts to resemble a for
ing relation.We de�ne the relation p k�b = 
 by re
ursion:p k�b = 
 ()df2�8 DEFINITION8� :2S2b 8r :�p �r k�1 � � b =) 9t :�r 9
 :2S2
 (t k�� = 
 & t k�1 
 � 
)� &8
 :2S2
 8r :�p �r k�1 
 � 
 =) 9t :�r 9� :2S2b (t k�
 = � & t k�1 � � b)�The above de�nition is P-rud re
ursive in a suitable sense, whi
h we must now arti
ulate, and thereforewill su

eed in provident sets of whi
h P is a member, or, more generally, in P-provident sets.2�9 DEFINITION Let �=(p; b; 
) be the 
hara
teristi
 fun
tion of the relation p k�IPb = 
, so that it takes thevalue 1 if p k�IPb = 
 and 0 otherwise.Our plan is to show that the graph of �= on transitive sets is de�nable by a P-rudimentary re
ursion.2�10 THE DEFINABILITY LEMMA \f is a �= attempt" is �0(P; f).Proof : We must �rst say that everything in the domain of f is an ordered triple, of whi
h the �rst 
omponentis a member of IP; and whenever (p; b; 
) 2 Dom (f) and � and 
 are in b and 
 respe
tively, and q 2 IP then(q; 
; b) and (q; �; 
) are in the domain too. But all that is �0(P; f).Then we must say that f respe
ts the re
ursive de�nition: but all that is also a �0 statement about Pand f . a (2�10)2�11 THE PROPAGATION LEMMA Let F (u) = �= � (P� u� u). There is a rudimentary fun
tion H= su
hthat for any transitive P , if P � P+ � P(P ),F (P+) = H=(P; F (P ); P+):3 v 2009 : : : : : : : : : : : : : : : : : : Provident sets and rudimentary set for
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In the following argument, and elsewhere, (�)3i are basi
 \un-tripling" fun
tions su
h that for a posetP = (IP; 1IP;�)3, (P)30 = IP, (P)31 = 1IP, and (P)32 = �. On this o

asion, but not in future, the restri
tednature of a quanti�er su
h as 8r :�p has been made manifest by re-writing it as 8r :2(�\fpg) .Proof of the Propagation Lemma: Let 	(x; f; p; b; 
) be the �0 formula8� :2S2b 8r :2�(x)32\fpg� �r k�1 � � b =) 9t :2�(x)32\frg� 9
 :2S2
 (f(t; �; 
) = 1 & t k�1 
 � 
)�& 8
 :2S2
 8r :2�(x)32\fpg� �r k�1 
 � 
 =) 9t :2�(x)32\frg� 9� :2S2b (f(t; 
; �) = 1 & t k�1 � � b)�De�ne H=(x; f; v) to be�f0; 1g��(x)30�(v�v)��\��(1; p; b; 
)4 ��p;b;
 	(x; f; p; b; 
)	[�(0; p; b; 
)4 ��p;b;
 :	(x; f; p; b; 
)	�: a (2�11)2�12 DEFINITION �= �� P =df ��=�(IP� u� u)�� u transitive & u 2 P	.Propagation of �=The progress P 
� was de�ned in x5 of Rudimentary Re
ursion for 
 a transitive set. We 
ould 
ontinueto work with progresses of the above kind, but a problem would then arise at the end of the paper, in theproof that a set-generi
 extension of a provident set is provident. It is better to 
hange ta
k now and workwith other progresses, whi
h might be 
alled 
onstru
tion from e as a set and �= as a predi
ate, with thede�nition of �= evolving during the 
onstru
tion.2�13 DEFINITION Let e be a transitive set of whi
h P is a member; let � = %(P). We de�ne by a p-rudimentary re
ursion a sequen
e ((e� ; P e; =� ; �e�)3)� of triples, thus obtaining a new progress (P e; =� )� . Forevery �, e� will be de�ned as before; for � 6 � we set P e; =� = P e� ; for � < �, we set �e� = ? but at �, we set�e� = �=�P e� , whi
h will be a set by the last Corollary. Thereafter we sete�+1 = e \ fx j x � e�g e� = S�<�e�P e; =�+1 = T(P e; =� ) [ fe�g [ e�+1 [ f�e� \ P e; =� g P e; =� = S�<�P e; =��e�+1 = H=(P; �e� ; P e; =�+1) �e� = S�<��e�2�14 PROPOSITION Let e be transitive, with P 2 e, and let � be inde
omposable and stri
tly greater than%(P). Then P e; =� = P e� .Proof : First 
onsider the spe
ial 
ase that � > %(e). by [M4, where ?℄, P e� is provident and thereforesupports all p-rud re
ursions with p 2 P e� ; the sequen
e of triples ((e� ; P e; =� ; �e�)3)� is de�ned by su
h are
ursion, with parameter the triple (e;P; �e%(P))3. So the left side is in
luded in the right. On the otherhand, (P e; =� )�6� is a �-progress, 
ontinous at �; e 2 P e; =%(e)+1; and so by [M4, Proposition 5�36℄, the right sideis in
luded in the left.Now for the general 
ase: the spe
ial 
ase tells us that for ea
h � with %(P) < � < �, P e� ; =� = P e�� .Taking the union over all su
h � gives P e� ; =� = P e�� ; the equalities P e; =� = P e� ; =� and P e�� = P e� , proved (as)in [M4, Proposition 5�61℄, 
omplete the proof. a (2�14)This re
onstru
tion of P e� shortens the delay for most �e� .2�15 PROPOSITION For any ordinal � > �, any limit ordinal � > � and k 2 !,(2�15�0) �e� = �=�P e; =� ;(2�15�1) �e� � P e; =�+6;(2�15�2) �e� � P e; =� ;(2�15�3) �=�P e; =� 2 P e; =�+12.3 v 2009 : : : : : : : : : : : : : : : : : : Provident sets and rudimentary set for
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Proof : (2�15�0) is true by de�nition for � = �; thereafter, the fun
tion H= preserves its truth at su

essorstages, and at limit stages, we simply take unions on both sides.(2�15�1): the `6' re
e
ts the delay in the 
reation of Kuratowski ordered pairs.(2�15�2): at limit stages, that delay no longer exists.(2�15�3): Fix � > �. Let �+ = �e�+6 \ P e; =�+6: then �+ 2 P e; =�+7 by de�nition of the progress. Sin
e�e� � P e; =�+6, �e� = �+ \ �2� (IP� (P e; =� � P e; =� ))�.By [M4, Lemmata 5�11 and 5�12℄, x; y 2 P e; =� =) x \ y = xr (xr y) 2 P e; =�+2 & x� y 2 P e; =�+3.P e; =� 2 P e; =�+1, so P e; =� �P e; =� 2 P e; =�+4, IP�(P e; =� �P e; =� ) 2 P e; =�+7 and f0; 1g��IP�(P e; =� �P e; =� )� 2 P e; =�+10.We 
on
lude that �e� 2 P e; =�+12. a (2�15)Propagation of ��We may now de�ne p k�a � b:2�16 DEFINITION p k�a � b ()df 8s :�p 9t :�s 9� :2S2b �t k�� = a & t k�1 � � b�:2�17 REMARK This is not a de�nition by re
ursion: indeed it is visibly rudimentary in p k�b = 
.2�18 DEFINITION Let ��(p; a; b) be the 
hara
teristi
 fun
tion of the relation p k�IPa � b.2�19 PROPOSITION There is a natural number s� su
h that for ea
h ordinal � > �, �� �P e; =� 2 P e; =�+s� .Proof : There are rudimentary fun
tions R and S su
h that�� �P e; =� = 2�Dom (�e�) \ �f(1; p; a; b)4 j R(p; a; b; �e�) = 1g [ f(0; p; a; b)4 j R(p; a; b; �e�) = 0g� = S(�e�)We may take s� = 12 + 
S . a (2�19)Familiar properties of for
ingWe 
he
k as our de�nition of for
ing develops that it has the expe
ted density properties, and weestablish familiar properties of equality and the substitution properties of = for �:2�20 PROPOSITION If p k�b = 
 and q � p then q k�b = 
.p k�a = b() 8q :�p 9r :�q r k�a = b2�21 PROPOSITION For all p 2 P, a, b and 
:(2�21�0) 8p8b p k�b = b;(2�21�1) if p k�b = a then p k�a = b;(2�21�2) if p k�a = b and p k�b = 
 then p k�a = 
.Proof : 1) let b be a 
ounter-example of minimal rank. The de�nition of p k�b = b involves various r,� 2 S2 b, for whi
h r k�� = � by the minimality 
ondition on b.2) from the symmetry of the de�nition.3) If q k�1 � � a then 9r 6 q9� (r k�1 � � b & r k�� = �), so 9s 6 r9
 (s k�1 
 � 
 & s k�� = 
); the t weseek is s; s k�� = � ^ � = 
; so, assuming we have minimised the rank of a possible failure b, s k�� = 
 ands k�1 
 � 
, as required. a (2�21)2�22 LEMMA q � p & p k�a � b =) q k�a � b.2�23 LEMMA p k�a � b() 8q :�p 9r :�q r k�a � b2�24 PROPOSITION If p k�1 a � b then p k�a � b.Proof : let r � p: takes s = r and � = a; then s k�� = a and s k�1 � � b. a (2�24)2�25 PROPOSITION If p k�a � b and p k�a = 
 then p k�
 � b.Proof : Let s � p. We seek t � s and � 2 S 2b su
h that t k�� = 
 and t k�1 � � b. We know that there aret � s and � 2 S 2b su
h that t k�� = a and t k�1 � � b; sin
e p k�a = 
 and t � p, t k�� = 
. a (2�25)2�26 PROPOSITION If p k�a � b and p k�b = d, then p k�a � d.3 v 2009 : : : : : : : : : : : : : : : : : : Provident sets and rudimentary set for
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Proof : Let s � p. We seek t � s and Æ 2 S 2d su
h that t k�Æ = a and t k�1 Æ � d. Sin
e p k�a � b, there arer :�s and � 2 S 2b su
h that r k�� = a& r k�1 � � b: Sin
e p k�b = d and r � p, there are t � r and Æ 2 S 2dsu
h that t k�� = Æ and t k�1 Æ � d; as t k�� = Æ and t k�� = a, t k�Æ = a. a (2�26)For
ing the negation of a statementWe have de�ned p k� _� for _� of the form x � y or x = y, and now wish to de�ne p k�q _� in these 
ases.The de�nition is 
hara
teristi
 of for
ing; and we will maintain it as we extend our de�nition of for
ing toever larger 
lasses of formul�.2�27 DEFINITION p k�q _�() 8q :�p q 6k� _�.We shall use this de�nition in our next proposition: noti
e that it has the immediate 
onsequen
e that8p9q :�p �q k� _� V q k�q _��:Further it renders Modus Ponens e�e
tive:2�28 PROPOSITION If p k�� �! 	 and p k�� then p k�	.Proof : if p k�q� _	 then 8q :�p 9r :�q (r k�q� V r k�	); but the �rst alternative is impossible for r � pif p k��, and so r k�	; by density p k�	. a (2�28)2�29 REMARK We have given this proof now; it only applies, of 
ourse, to those formul� for whi
h a for
ingde�nition has been given.Installing the ground modelBefore we turn to the de�nition of the generi
 extension of a model, we identify obje
ts that will serveas names for the elements of the ground model, and thus ensure that our generi
 stru
ture is indeed anextension of our ground model. It is 
onvenient to assume that 1IP is a
tually the ordinal 1.2�30 DEFINITION Set ŷ =df f(1IP; x̂) j x 2 yg.This is a rudimentary re
ursion in the parameter 1IP, being of the formF (a) = G(1IP; F �a)where G is the rudimentary fun
tion (i; f) 7! fig � Im(f); thus with our 
onvention that 1IP = 1, there
ursion may be regarded as pure.2�31 LEMMA If q k�1 � � x̂ then 9a :2x � = â.Proof : if q 6 p and (p; �) 2 x̂ then p = 1IP and � = â for some a 2 x. a (2�31)2�32 PROPOSITION For all x and y, the following hold:x 2 y =) 1 k�x̂ � ŷx = y =) 1 k�x̂ = ŷ9p p k�x̂ = ŷ =) x = yx 6= y =) 1 k�q(x̂ = ŷ)9p p k�x̂ � ŷ =) x 2 yx =2 y =) 1 k�q(x̂ � ŷ)Proof : If x 2 y, then (1; x̂) 2 ŷ, so 1 k�0 x̂ � ŷ and so 1 k�x̂ � ŷ. If x = y, x̂ = ŷ and so 1 k�x̂ = ŷ, by 2�13.We prove the third line indu
tively: suppose p k�x̂ = ŷ for a 2 x and r 6 p, r k�1 â � x̂, there will be a band s 6 r with s k�â = b and s k�1 b � ŷ; but then b = 
̂ for some 
 2 y; so s k�â = 
̂ by 2�13 so by indu
tiona = 
; and thus x � y; similarly y � x and so x = y.The next line is the 
ontrapositive, by de�nition of for
ing for negation.If p k�x̂ � ŷ then for some r 6 p and some b, r k�x̂ = b and r k�1 b � ŷ so for some 
 2 y, b is 
̂; sor k�x̂ = 
̂; by line 3, x = 
, and thus x 2 y.Thus the �fth line is proved; and the sixth is its 
ontrapositive. a (2�32)3 v 2009 : : : : : : : : : : : : : : : : : : Provident sets and rudimentary set for
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3: Extension of the de�nition of for
ing to all _�0 senten
esSo far we have set up the beginnings of a de�nition of for
ing, for atomi
 senten
es and their negations. Wewish to extend the de�nition of k� to all _�0 senten
es of the for
ing language, on these lines:3�0 PROPOSED DEFINITION p k�' ^ #() p k�' & p k�#p k�q'() 8q :�p q 6k�'p k�Vx : � y '(x)() 8q :�p 8(s; �) :2y �q � s =) 9r :�q r k�'[�℄�In fa
t the for
ing relation will prove to be a union of an !-sequen
e of relations, ea
h of uniform aÆne delay.The annotated language FWe must des
ribe our language of for
ing in greater detail. The �rst step is to de�ne a language F � HF,whi
h is a �rst-order language with no 
onstants, with the two binary predi
ate symbols = and �, 
onne
tivesq and ^, and the restri
ted quanti�er Vx : � y, where in the rules of formation y is required to be a distin
tvariable from x. There are no unrestri
ted quanti�ers. Other propositional 
onne
tives and the existentialrestri
ted quanti�er Wx : � y may be introdu
ed by de�nition.We shall need the 
ustomary notions of free and bound o

urren
e of a variable in a formula, and weimagine that ea
h formula of F is a

ompanied by an annotation saying whi
h o

urren
es of variables arebound by whi
h o

urren
es of quanti�ers. As we build up formul�, we have to update the annotations, andwe imagine all that going on inside HF.We then de�ne Lu as the language resulting from F by permitting 
onstants a for a 2 u, and Eu to bethe set of senten
es of Lu, meaning those w�s with no free variables. If u is rud 
losed and non-empty, andthe map a 7! a is basi
, then F � Lu � u.3�1 DEFINITION We de�ne the tree-rank � of a formula, the substitution of a 
onstant for a free o

urren
eof a variable in a formula, and, when the formula is a senten
e, the set Rub(') of senten
es to whi
h referen
ewill be made when de
iding whether p k�'. In the following, x and y are distin
t formal variables. atomi
:�(') = 0; Rub( ) = ?.Subst(x = x; x=�) = � = �, Subst(x � x; x=�) = � � �,Subst(x = y; x=�) = � = y, Subst(y = x; x=�) = y = �,Subst(x � y; x=�) = � � y, Subst(y � x; x=�) = y � �. = # ^ ':�( ) = max(�(#); �(')) + 1 Rub( ) = f#; 'gSubst( ; x=�) = Subst(#; x=�) ^ Subst('; x=�). = q#�( ) = �(#) + 1; Rub( ) = f#gSubst( ; x=�) = qSubst(#; x=�). = Vy : � x#�( ) = �(#) + 1;Subst( ; x=�) = Vy : � � Subst(#; x=�). = Vy : � a #�( ) = �(#) + 1; Rub( ) = fSubst(#; x=�) j 9p :2 IP (p; �) 2 agSubst( ; x=�) = Vy : � a Subst(#; x=�).3�2 REMARK As we have de�ned it above, viewing formul� as trees, substitution is ?-rud re
. But we 
animprove that to saying that substitution is rudimentary, if we view formul� as annotated sequen
es.3�3 REMARK To go from Vx :2a '(x) to f'[�℄ j 9s :2 IP (s; �) 2 ag is to form the image of the substitutionfun
tion, and is thus rudimentary. The annotations will tell us where are the free o

urren
es of x in '.3 v 2009 : : : : : : : : : : : : : : : : : : Provident sets and rudimentary set for
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3�4 DEFINITION Let �k̀� � u, for u a transitive set and k 2 !, be the 
hara
teristi
 fun
tion of the for
ingrelation restri
ted to those _�0 senten
es ' of the for
ing language with �(�) 6 ` and all a with a o

urringin ' being in u.3�5 PROPOSITION (3�5�0) �0k� �u is rudimentary in �=�u;(3�5�1) for ea
h `, �`+1k� �u is rudimentary in �k̀� �u, and thus rudimentary in �=�u;(3�5�2) For ea
h ` there is a natural number s` su
h that for ea
h ordinal � > �, �k̀� �P e; =� 2 P e; =�+s` .Proof : For (3�5�0), note that �0k� �u is rudimentary in �=�u and �� �u, whi
h is rudimentary in �=�u.(3�5�1): the passage from �k̀� �u to �`+1k� �u is rudimentary in P and Subst, being given by these 
lauses:�`+1k� (p; ' ^ #;~b;~
) = inff�k̀�(p; ';~b); �k̀�(p; #;~
)g�`+1k� (p; q';~a) = inff�k̀�(q; ';~a) jq q 6 pg�`+1k� (p;Vx : � y'; y=a;~b) = � 1 if 8q :�p 8(s; �) :2a (q 6 s =) 9r :�q �k̀�(r; '; x=�; y=a;~b) = 1)0 otherwiseThe notation y=a indi
ates that the free o

urren
es of the variable y have been repla
ed by o

urren
es ofthe 
onstant a. Only 
ertain substitutions have been indi
ated expli
itly: we think of w�s as a

ompaniedby annotations, as des
ribed above; so, for example, in the longest line of the above equations, where visually' should be Subst('; x=�), the details of the substitutions would be in the annotations.(3�5�2): argue as in the proof of Proposition 2�19. a (3�5)Rudimentary generation of the senten
es of the for
ing languageThe following outlines an alternative argument.Suppose that u is transitive, that u � u+ � P(u), and that S is a subset of Eu, so that S is a set ofsenten
es, all of whose 
onstants are in u. We de�ne a ternary fun
tion HE whi
h will yield a larger set ofsenten
es, all of whose 
onstants are in u+, thus:HE(P; S; u+) =df S [ fa = b j a; b 2 u+g[ fa � b j a; b 2 u+g[ f' ^ # j '; # 2 Sg[ fq' j ' 2 Sg[ fVx :2a ' j a 2 u+ & 8(p; �) :2a (p 2 IP =) Subst('; x=�) 2 S)g3�6 LEMMA HE is rudimentary in the parameter HF; more exa
tly, it is rudimentary in the subset of HFthat 
odes the annotation, des
ribed above, of formul� of the 
onstant-free language F .3�7 LEMMA S � Eu =) HE(P; S; u+) � Eu+3�8 LEMMA For ea
h ' 2 HE(P; S; u+), Rub(') � S.3�9 LEMMA There is a rudimentary fun
tion Hk� su
h that for every P, u and S as above,�k� �HE(P; S; u+) = Hk�(P; �k� �S; u+):3�10 LEMMA Suppose that (un)n6! is a stri
t 
ontinuous progress, and that u0 is a rud-
losed transitive set.Suppose that E0 = Eu0 , that for ea
h n, En+1 = HE(P; En; un+1), and put E! = S n<!En. Then E! = Eu! :Proof : Note that if # 2 Rub(') then �(#) < �('). Now prove by indu
tion on k 2 ! that for ea
h n 2 !, if�(') = k and all a with a o

urring in ' are in un+1 then ' 2 En+k+1. a (3�10)Lemma 3�9 plays the role of the Propagation Lemma for �k�, and at a limit stage u = P 
�, Lemma 3�10will prove that �k� is total on Eu; these two plus a de�nability argument will yield3�11 THEOREM Let �0 = %(P) + 1 and let 
 be a transitive set of whi
h P is a member. Then for ea
h limitordinal �, �k� is total on IP�F � P 
�, and �k� �� P 
� is a subset of P 
�0+� and is uniformly de�nable over it.3 v 2009 : : : : : : : : : : : : : : : : : Provident sets and rudimentary set for
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Proof : If � = � + ! where � is a non-su

essor, we suppose the Theorem already established for P 
� ; we
onsider the progression with un = P 
�+n, and must de�ne p k�' for ' 2 Eu! ; by Lemma 3�10, ' is in someEn+1, whi
h by Lemma 3�8 is 
losed under Rub, in the sense that # 2 En+1 =) Rub(�) � En+1. By Lemma3�9, we 
an build �k� �En+1 inside P 
�0+�. So the de�nition of p k�' �P 
� over P 
�0+� will take the expe
tedform \there is a set E 
losed under Rub with � 2 E and a fun
tion � de�ned on E that satis�es the re
ursivede�nition of �k�; moreover, �(p; ';~a) = 1." a (3�11)For
ing _�0 statements3�12 PROPOSITION For every _�0 w� ',q � p k�' =) q k�';p k�'() 8q :�p 9r :�q q k�';p k�Wx : � y '() 8q :�p 9r :�q 9(t; �) :2y �r � t & r k�'[�℄�;p k�'[�℄ ^ � = � =) p k�'[�℄:We shall often use the following general prin
iple in our development.3�13 PROPOSITION Suppose we have a name z su
h that 8p8� �p k�0 � � z =) p k�'[�℄� for some formalw� '. Then 8p8� �p k�� � z =) p k�'[�℄�.Proof : We gradually weaken the hypothesis. Suppose that p k�1 � � z. Then for some q � p, (q; �) 2 z, soq k�0 � � z; so q and therefore also p for
es '[�℄.Now suppose that p k�� 2 z. This tells us that8q :�p 9r :�q 9� r k�1 � � z & r k�� = �:So for su
h r, r k�'[�℄; and so r k�'[�℄. The 
lass of su
h r being dense below p, p k�'[�℄. a (3�13)Axioms of Extensionality and FoundationWe may now prove that the Axiom of Extensionality is for
ed: that redu
es to proving the following3�14 PROPOSITION If p k�Vx : � a x � b and p k�Vx : � b x � a, then p k�a = b,the proof of whi
h presents no diÆ
ulty.3�15 PROPOSITION k� FoundationProof : Given x, 
onsider A = fa j 9p :2 IP (p; a) 2 xg. A is a �0 sub-
lass of S 2x and therefore a set;assuming it to be non-empty, let 
 be an element of A of minimal rank. Then 
 2 A but S 2
 \ A is empty;so if (p; 
) 2 x, p k�
 � x & 
 _\ x = _?. Thusk�x 6= _? �! Wy : � x y _\ x = _?: a (3�15)Preservation of _�0 statements about the ground modelNow that we have de�ned for
ing for �0 statements and have seen how elements of the ground modelare named in the language of for
ing, we may verify that �0 statements about them, if true, are for
ed.3�16 LEMMA 8p :2 IP 8y �p k�Vx : � ŷ '() 8x :2y p k�'(x̂)�:Proof : p k�Vx : � ŷ '() 8q :�p 8(s; �) :2 ŷ �q � s =) 9r :�q r k�'[�℄�() 8q :�p 8x :2y �9r :�q r k�'(x̂)�() 8x :2y 8q :�p �9r :�q r k�'(x̂)�() 8x :2y p k�'(x̂): a (3�16)3�17 PROPOSITION Let �(x1; : : : xn) be a �0 statement true of a1, : : : an. Then 1IP k� _�[ ba1 : : :
an℄.Proof : for � either atomi
 or the negation of atomi
, this was proved in Proposition 2�28. We now pro
eedby indu
tion on the length of �; propositional 
onne
tives are easily handled, as a 0-1 law applies in this
ontext; and the last lemma 
overs restri
ted quanti�ers. a (3�17)The above is a s
hema expressed in the metalanguage: the version when we quantify over _�0 w�s inthe language of dis
ourse would read3�18 PROPOSITION Let '(x1; : : : xn) be a _�0 statement su
h that j=0 '[a1; : : : an℄. Then 1IP k�'[ ba1 : : :
an℄.3 v 2009 : : : : : : : : : : : : : : : : : Provident sets and rudimentary set for
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4: Generi
 extensions of a transitive setLetM be a transitive set and IP a notion of for
ing inM . The aim in life of an (M; IP)-generi
 �lter G isto 
reate a transitive set M [G℄ out of the Lindenbaum algebra of the language of for
ing, with the propertythat what is true in the model is what is for
ed by some p 2 G. That prin
iple is known as the For
ingTheorem.4�0 DEFINITION � is dense open in IP if 8p :2 IP 9q :2� q � p and 8p :2� 8q :�p q 2 �.4�1 DEFINITION G � IP is (M;P)-generi
 if 8p :2G 8q :2G 9r :2G r � p& r � q, 8p :2G 8q p � q =) q 2 G,and G \� 6= ; for ea
h � 2M that is dense open in IP.For for
ing over models of ZF that would suÆ
e to prove the For
ing Theorem; but for models of 
ertainweaker theories su
h as KP, it is inadequate: we shall �nd in a later se
tion that if M is admissible, we mustrequire G to meet all dense open subsets of IP that are unions of a �1 and a �1 
lass over M if we are toshow that M [G℄ will be admissible. Ironi
ally, for models of the still weaker theory PROVI, all is well again:we shall show in this se
tion that if a �lter G is generi
 as de�ned above, then the For
ing Theorem will holdfor _�0 formul�.We know from its being a �lter that G will be 
onsistent in the sense that for no senten
e ' of the languageLIP 
an there be a p 2 G with p k�IP' and a q 2 G with q k�IPq'. Let �(') = fp 2 IP j p k�IP' V p k�IPq'g: thisis a dense open sub
lass of IP. If ' is �0, �(') will be �KP1 , and thus a set of M . If G meets �('), thensome p 2 G de
ides ' in the sense that either it for
es ' or for
es q'. We shall refer to this property as the
ompleteness of G.4�2 DEFINITION Suppose now that G is (M;P)-generi
. De�ne (externally to M) valG :M ! V byvalG(b) = fvalG(a) j 9p :2G (p; a) 2 bg:4�3 REMARK This is a rudimentary re
ursion with parameter G: �(b) = H(G; � � b) where H(g; x) =dfx\�Dom(x))\g�. In [M5℄ it is shown that 
ertain transitive models of Zermelo set theory fail to support su
hre
ursions: thus it is ne
essary to assume that PROVI is true in the \ba
kground" set theory.4�4 REMARK An immediate 
onsequen
e of the de�nition is that if p 2 G and either p k�0 � � a or p k�1 � � a,then valG(�) 2 valG(a).4�5 PROPOSITION For all a and b the following hold:valG(a) = valG(b)() 9p :2G p k�a = b(4�6) valG(a) 2 valG(b)() 9p :2G p k�a � b(4�7)We divide the proof into four lemmata.4�8 LEMMA If p 2 G and p k�a = b then valG(a) = valG(b).Proof by indu
tion on rank: Let x 2 valG(a). Let (q0; �) 2 a, with q0 2 G and valG(�) = x. Let q 2 G bebelow both p and q0. Consider the 
lassIP \ fr j r 6 q & 9� :2S 2b r k�1 � � b & r k�� = �g:That is dense below q, and is a set by _�0 separation, on
e one has repla
ed the predi
ate r k�� = � by anevaluation by an appropriate fragment of �=. It is therefore met by G; so let r 2 G be below q and � 2 S 2bwith r k�� = � and r k�1 � � b.From the se
ond property of r, valG(�) 2 valG(b), and from the �rst, applying the indu
tion hypothesis,valG(�) = valG(�); thus x 2 valG(b); as x was arbitrary, valG(a) � valG(b).A similar argument shows that valG(b) � valG(a). a (4�8)4�9 LEMMA If p 2 G and p k�a � b then valG(a) 2 valG(b).Proof : fr 2 IP j 9� :2S 2b r k�� = a & r k�1 � � bg is dense below p and is a set, and so there is an r 2 Gand a � 2 S 2b su
h that r k�� = a, whi
h by the previous lemma implies that valG(�) = valG(a), and, byRemark 4�4, su
h that valG(�) 2 valG(b); so valG(a) 2 valG(b). a (4�9)3 v 2009 : : : : : : : : : : : : : : : : : Provident sets and rudimentary set for
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4�10 LEMMA If valG(a) = valG(b), then for some p 2 G, p k�a = b.Proof by indu
tion: We show �rst that 9p :2G p k�Vx : � a x � b. If not, then by density, 9p :2G p k�Wx :� a q(x � b); indeed there will then exist p 2 G and � 2 S 2a su
h that p k�1 � � a and p k�q(� � b). Givensu
h p and �, valG(�) 2 valG(a); so there is a � 2 S 2b and a q 2 G with (q; �) 2 b, and valG(�) = valG(�).By the indu
tion hypothesis, there will be an r 2 G, whi
h we may suppose to be below both q and p,su
h that r k�� = � and r k�1 � � b; so r k�� � b, 
ontrary to our hypothesis on p.A similar argument will show that 9p :2 G p k�Vx : � b x � a; and we may now invoke the fa
t thatExtensionality is for
ed, to 
on
lude that there is a p 2 G su
h that p k�a = b. a (4�10)4�11 LEMMA If valG(a) 2 valG(b), then for some p 2 G, p k�a � b.Proof : The hypothesis implies that there are q 2 G and 
 su
h that (q; 
) 2 b and valG(a) = valG(
). By theprevious lemma, there is a p0 in G su
h that p k�a = 
; then if p 2 G is below both p0 and q, p k�1 
 � b andso p k�a � b. a (4�11)The proof of Proposition 4�5 is now 
omplete. a (4�5)4�12 DEFINITION M IP[G℄ =df fvalG(a) j a 2Mg.We 
he
k that M [ fGg �M IP[G℄. For showing that M �M IP[G℄, we use our names x̂:4�13 PROPOSITION For all x 2M , valG(x̂) = x.Proof : an easy appli
ation of Proposition 2�28. a (4�13)We have a 
anoni
al name for G:4�14 DEFINITION Let _G =df f(p; p̂) j p 2 IPg:_G 2M as M is provident and a 7! â is rud re
.4�15 PROPOSITION valG( _G) = G.Proof : Both sides equal fvalG(p̂) j p 2 Gg. a (4�15)4�16 COROLLARY G 2M [G℄.4�17 THE FORCING THEOREM Given A, P and G; for ea
h _�0 formula ' and a1; : : : an in A:AP[G℄ j= '[valG(a1); : : : valG(an)℄() 9p :2G (p k�IP'[a1; : : : an℄)A:Proof : First, the 
ase of atomi
 ' is 
overed by Proposition 4�5.For Boolean 
onjun
tions: 9s :2G (s 6 p & s 6 q) i� p and q are both in G.For negations: there is a dense 
lass to be met by G, and we must show that the 
lass in question is aset. Note that IP \ ft j :9r 6 t (r k�'[�℄)g is a member of the provident set that is the ground model: takean attempt at �= that 
overs all; then this set is obtainable as a separator that is �0 in that attempt.Now 
onsider the problem of a restri
ted quanti�er. Suppose p k�Vx : � b'(x), and let y = valG(b).Suppose A[G℄ j= x � y: let x = valG(a). Then there is a q in G and an � su
h that q k�1 � � y and q k�a = �.Then densely below q, there are r su
h that r k�'[�℄. So some su
h r is in G; so A[G℄ j= '[valG(�)℄; butvalG(�) = valG(a) = x. Thus A[G℄ j= Vx : � y '(x):Conversely, suppose that A[G℄ j= Vx : � y '(x); and suppose that b 2 A and that y = valG(b). LetX = P \ ft j 9� :2S 2b t k�1 � � b & :9r 6 t (r k��[�℄)g:X is a set and is downwards 
losed, i.e. open in the usual topology on P. Let � = X [ fp j Op \X = ?g;where Op = fq j q 6 pg.� is a dense open set, and so meets G. Let p 2 G \�. If p 2 X, then for some � 2 S 2b, p k�1 � � b, butfor no r 6 p does r k�'[�℄; so p k�q'[�℄; so A[G℄ j= q'[valG(�)℄; but valG(�) 2 valG(b).Thus p =2 X; and so there is no q below p with q 2 X. So8q 6 p8� :2S 2b �q k�1 � � b =) 9r 6 q r k�'[�℄� :whi
h says pre
isely that p k�Vx : � b'(x). a (4�17)3 v 2009 : : : : : : : : : : : : : : : : : Provident sets and rudimentary set for
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5: Constru
tion of Cohen terms of aÆne delay for rudimentary fun
tionsOur aim in this se
tion is to prove a theorem about the 
onstru
tion of names in a provident set for thevalues of a rudimentary fun
tion in a set-generi
 extension of that set. We state it now, and shall restate itlater in a more pre
ise form.5�0 THEOREM Let R be a rudimentary fun
tion of some number of arguments. Then there is a fun
tionRP, of the same number of arguments, with the property that if A is a provident set and P 2 A a notion offor
ing, then A is 
losed under RP and, further, if G is an (A;P)-generi
, then (to take the 
ase of a fun
tionof two variables) for all x and y in A, valG(RP(x; y)) = R(valG(x); valG(y)):5�1 COROLLARY Let A be provident, P 2 A and G (A;P)-generi
. Then A[G℄ is rud 
losed and so a modelof GJ0.Proof of the Corollary: suppose (to take a fun
tion of two variables) that R(x; y) is a rudimentary fun
tionand that x and y are in A[G℄. Then there are a and b in A so that x = valG(a) and y = valG(b). The
orresponding Cohen term RP(a; b) exists in A: let z = valG(RP(a; b)). Then z 2 A[G℄, and by the theoremR(x; y) = z. Sin
e R(x; y) = z is a �0 statement, and therefore absolute for transitive sets 
ontaining x, yand z, we know that it is true in A[G℄ that R(x; y) = z. a (5�1)Some general lemmata about for
ing5�2 LEMMA If a � b, valG(a) � valG(b).Proof : valG(a) = fvalG(�) j 9p :2G (p; �) 2 ag � fvalG(�) j 9p :2G (p; �) 2 bg = valG(b). a (5�2)5�3 LEMMA Let u be transitive. Then valG(u) is transitive.Proof : If x 2 valG(u), 9�9p :2G (p; �) 2 u & valG(�) = x. But � 2 S 2u � u so � � u; so valG(�) � valG(u).a (5�3)5�4 We note alternative ways of naming an obje
t. For given y, putA0(y) = f(p; x) j p k�0 x � ygA1(y) = f(p; x) j p k�1 x � ygA(y) = f(p; x) j p k�x � yg5�5 REMARK A0(y) � y; A0(y) � A1(y) � IP�S 2y, so A0(y) and A1(y) are sets, whereas A(y) is a proper
lass whose interse
tion with a set will be a set provided one has rud re
 separation.5�6 REMARK A0(A1(y)) = A1(y) = A1(A0(y)) = A1(A1(y)); A0(A0(y)) = A0(y):LEMMA If q k�1 w � A1(y), then q k�1 w � y; if q k�1 w � y then q k�0 w � A1(y)5�7 LEMMA Let P 2M and let G be (M; P)-generi
. Then if y 2M, valG(A0(y)) = valG(A1(y)) = valG(y).Proof : That valG(y) = valG(A0(y)) � valG(A1(y)) is immediate from the de�nition of valG(�) and Remark5�3. It remains to show that valG(A1(y)) � valG(y).Suppose that p 2 G and z 2 M are su
h that p k�z � A1(y) and p k�z 6� y. Then there are w 2 M andq 2 G with q 6 p, q k�1 w � A1(y), (so by the previous Lemma, q k�w � y), but also q k�w = z and thereforeq k�w 6� y, a 
ontradi
tion. a (5�7)The proofTo prove the Theorem we begin by working through the list of nine rudimentary fun
tions given inWeak Systems, and show how, for su
h a fun
tion F , given names (in the ground model) for its argumentsin the generi
 extension we may build names for its values. Certain of the Cohen terms are rudimentary,even basi
, fun
tions, of their arguments, others will be of aÆne delay in P. We shall do the rudimentaryones �rst. We assume that P = (IP; 1IP;6IP)3.Although we shall not always obtain a Cohen term for a rudimentary fun
tion as a rudimentary fun
tionof the names of its arguments, as we shall see with xry, we may 
he
k as we go that we always �nd a Cohenterm that is rudimentary in the relation �k̀� for some `.3 v 2009 : : : : : : : : : : : : : : : : : Provident sets and rudimentary set for
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5�8 REMARK Composition of rudimentary Cohen terms will of 
ourse be rudimentary.A basi
 Cohen term for fx; yg5�9 DEFINITION fa; bgP =df f(1IP; a)2; (1IP; b)2g5�10 LEMMA fa; bgP is a basi
 fun
tion of the variables shown.5�11 PROPOSITION valG(fa; bgP) = fvalG(a); valG(b)g.5�12 COROLLARY 1 k�IPfa; bgP = _fa; b _g.Basi
 Cohen terms for ordered pairs and triplesThese 
an be obtained by 
omposition.5�13 DEFINITION fxgP =df f(1IP; x)2g.5�14 DEFINITION (x; y)P2 =df �fxgP; fx; ygP	P.5�15 DEFINITION AP2(x; y; z) =df �x; (y; z)P2	P.5�16 DEFINITION (x; y; z)P3 =df �x; (y; z)P2�P2.5�17 LEMMA The four fun
tions just introdu
ed are basi
 fun
tions of the variables shown.A basi
 Cohen term for x [ y5�18 DEFINITION x [P y =df x [ y.A basi
 Cohen term for Sx5�19 DEFINITION SPx =df (IP�S 5x) \ f(p; �) j 9(q; �) :2x (p � q & p k�1 � � �)g:5�20 REMARK SP is a basi
 fun
tion, being the appli
ation of a �0 separator.5�21 LEMMA If p k�0 
 � SPx, then (p; 
)2 2 IP�S 5x.5�22 LEMMA If p k�1 
 � SPx, then (p; 
)2 2 IP�S 5x.5�23 REMARK Hen
e if p k�IP
 2 SPx, then there are many � and t (dense below p) for whi
h t k�� = 
 andt k�1 � � SPx.5�24 PROPOSITION valG(SPx) = S valG(x):5�25 COROLLARY 1 k�IPSPx = _Sx:A basi
 Cohen term for x� yx �P y =df f(p; (�; �)P2) j p k�1 � � x & p k�1 � � yg5�25 DEFINITION5�26 REMARK � �P � is evidently rudimentary, but it is a
tually basi
 in P, being the result of applyingapplying a �0 separator to the set IP� [f1IPg � [f1IPg � (x [ y)℄62℄62.5�27 PROPOSITION valG(x �P y) = valG(x)� valG(y).5�28 COROLLARY 1IP k�IPx �P y = x _� y:A basi
 Cohen term for [x℄15�29 DEFINITION FP1 (x) =df f(p; f�gP) j (p; �) 2 xg:Again, this rudimentary term 
an be shown to be basi
, using the fa
t that FP1 (x) � IP� (f1IPg�S 2x).5�30 PROPOSITION k�_[x_℄1 = FP1 (x)3 v 2009 : : : : : : : : : : : : : : : : : Provident sets and rudimentary set for
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Proof : If q k�1 z � FP1 (x), then there is a p � q with (p; z)2 2 FP1 (x), so that there is an � with (p; �)2 2 x,1 k�z = _f� _g and q k�1 � � x.Conversely, if q k�Wy : � x z = _fy _g, then there are y and r � q with r k�1 y � x and r k�IPz = _fy _g. So(p; y)2 2 x for some p � r, so that (p; fygP)2 2 FP1 (x), r k�1 fygP � FP1 (x) and so r k�IPz � FP1 (x). a (5�30)A basi
 Cohen term for [x℄625�31 REMARK [x℄62 is easier to get than [x℄2, be
ause the latter will require us to be 
ertain that two namesdenote di�erent things; we 
ould obtain su
h a term by using the identity [x℄62 = [(x� x); the following isslightly simpler.5�32 DEFINITION FP62(x) =df f(r; f�; �gP) j r k�1 � � x & r k�1 � � xg:5�33 REMARK The above term is basi
 sin
e it is a �0 subset of IP�S�(f1IPg �S 2x)� (f1IPg �S 2x)�.5�34 PROPOSITION k�_[x_℄62 = FP62(x)Proof : If t k�IPa � FP62(x), there is an s � t and a b su
h that s k�a = b and s k�1 b � FP62(x). So there are anr � s, � and � with b = f�; �gP, and 
onditions p and q with(r � p & r � q & (p; �) 2 x & (q; �) 2 x) :so that s k�IPa = b = _f�; � _g � _[x_℄62.If s k�IPa � _[x_℄62 then there are t � s, �, �, su
h that t k�1 � � x & t k�1 � � x & t k�IPa = _f�; � _g, so thatthere are p and q with t � p, t � q, (p; �) 2 x and (q; �) 2 x; so (t; f�; �gP)2 2 FP62(x), so t k�IPa � FP62(x).a (5�34)A basi
 Cohen term for u?We re
all the de�nition: u? =df u [ [u℄62 [ (u� u)and that for u transitive, u? is transitive.Then a basi
 Cohen term for it 
an be found by 
omposition using the pre
eding ones.Cohen terms of aÆne delay for the other rudimentary generatorsWe show that for the remaining rud generators we get terms of the form G(P; x; y) \ A where G is arudimentary fun
tion and A is a separator that is rud in an appropriate segment of �=. It is the de�nitionof A that will give us the desired uniformity.REMARK That that should be so is suggested by our theory of 
ompanions, at least for DB fun
tions. Ea
hof them has a 2-
ompanion W that is generated by S and � and is therefore su
h that WP is basi
; so ifR(x; y) �W (fx; yg), then we may expe
t RP(x; y) to be of the form WP(fx; ygP\f(p; �) j p k�� � _R(x; y)g;and as z 2 R(x; y) is �0, � � _R(x; y) will be _�0.xrP y: Set xrP y =df A1(x) \ f(p; �) j p k�IP� 6 � ygThen x rP y, being a sub
lass of IP�S 2x will be a set if IP is, being the appli
ation of a separator that is�0 in some appropriate attempt at ��.Let z = xrPy. For ea
h p and � with p k�0 � � z, p k�� 6 � y ^� � x so by our general prin
iple, the sameis true for ea
h p and � with p k�� � z. Hen
e k�8t : � z[t � x ^ t 6 � y℄.Conversely, suppose that q k�� � x ^ � 6 � y. We seek �s � r and (�t; �) 2 z with �s � �t and �s k�� = �. Weknow that 9s :�r 9(t; �) :2x s � t & s k�� = �so that for su
h an s, s k�1 � � x and s k�� 6 � y, so (s; �) 2 z. Hen
e we may take �s = �t = s.3 v 2009 : : : : : : : : : : : : : : : : : Provident sets and rudimentary set for
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R3: domain:5�35 DEFINITION Dom P(x) =df (P�S 10x) \ �(p; �)2 �� 8q :� p 9r :� q 9� :2S 10x r k�IP(�; �)P2 � x	5�36 PROPOSITION 1IP k�IPRP3(x) = _R3(x):R5: x \ f(a; b)2j a 2 bg:5�37 DEFINITION RP5(x) =df f(p; 
) j 9� :2S 10x 9� :2S 10x 
 = (�; �)P2 & p k�IP� � �g:That is a set sin
e (�; �)P2 is basi
, so we 
an easily �nd a 
ompanion (i.e. a bounding set), and thenapply the separator indu
ed by the relation p k�� � �.5�38 PROPOSITION 1IP k�IPRP5(x) = _R5(x):R6: �rst twirl: fhb; a; 
i j ha; b; 
i 2 xg:RP6(x) =df5�38 DEFINITION�(p; Æ) �� 9(q; �) :2x 9� :2S lx 9� :2Smx 9
 :2S nx � q � p & Æ = (�; �; 
)P3 & p k�IP� = (�; �; 
)P3 �	:We have de�ned (�; �; �)P3 above; it is basi
; so we 
an use it to predi
t the whereabouts of Æ. l;m; n must thenbe given appropriate values.5�39 PROPOSITION 1IP k�IPRP6(x) = _R6(x):R7: se
ond twirl: fhb; 
; ai j ha; b; 
i 2 xg:RP7(x) =df5�39 DEFINITION�(p; Æ) �� 9(q; �) :2x 9� :2S lx 9� :2Smx 9
 :2S nx � q � p & Æ = (�; 
; �)P3 & p k�IP� = (�; �; 
)P3 �	:5�40 PROPOSITION 1IP k�IPRP7(x) = _R7(x):A14: x\fwg:5�41 DEFINITION AP14(x;w) =df �IP�S 10x� \ �(p; �) �� p k�IP(�;w)P2 � x	5�42 PROPOSITION 1IP k�IPAP14(x;w) = _A14(x;w):R8: fx\fwg j w 2 yg5�43 DEFINITION RP8(x; y) =df �(p; 
) �� 9(q; �) :2y p � q & 
 = AP14(x; �)	:5�44 LEMMA RP8(x; y) is a set.Proof : De�ne F (x; y) =df �(IP�S 10x)�S 2y� \ �((p; �)2; �)2 �� p 2 IP & p k�IPf�; �gP2 � x	: Note that ifu is any transitive set 
ontaining P, x and y, F �(u� u) is rudimentary in �=�(IP� u� u).Set G(x; y; �) = A14(F (x; y); �). Then G is rudimentary in F and � 2 S 2y =) AP14(x; �) = G(x; y; �).Now set H(x; y) = fG(x; y; �) j � 2 S 2(y)g. Then H is rudimentary in G, and RP8(x; y) is the result ofapplying a �0 separator to IP�H(x; y).Thus there is a rudimentary fun
tion E su
h that for all su
h u, RP8 �(u� u) = E(�=�(IP� u� u).a (5�44)5�45 PROPOSITION 1IP k�IPRP8(x; y) = _R8(x; y):5�46 REMARK Suppose that Q(~x) = R(S(~x); T (~x)), where Q, R, S, T are rudimentary, and that we havealready found fun
tions RP, SP, TP as in the statement of the theorem. We may obtain QP by 
omposition:de�ne QP(~x) = RP(SP(~x); TP(~x)).The proof of Theorem 5�0 as stated is now 
omplete. a (5�0)We must now prove that ea
h of these fun
tions is of uniform �nite delay.3 v 2009 : : : : : : : : : : : : : : : : : Provident sets and rudimentary set for
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Propagation of Cohen terms for rud fun
tions5�47 PROPOSITION Let R be a rudimentary fun
tion of some number of arguments, and let RP be the
orresponding fun
tion of names that we have de�ned. There is a natural number sR su
h that whenever eis a transitive set with P 2 e, and � is an ordinal not less than %(P),RP�P e; =� 2 P e; =�+sR :Proof : We have seen that the Cohen terms for R0, R2 and R4 proved to be themselves rudimentary, andhen
e sR 
an be taken in these 
ases to be 1 plus the rudimentary 
onstant for u 7! R � u. The Cohenterms 
orresponding to the other fun
tions in the standard generating set are all rudimentary in appropriatefragments of �=, and so the proof in those 
ases follows from the 
orresponding result for �=. We give theargument for R8.Let � > �. We know that �= �P e; =� 2 P e; =�+12, and that for some rudimentary fun
tion E, RP8 �P e; =� =E(�=�P e; =� ), so we may take sR8 = 12 + 
E .On
e the theorem has been established for the nine generators, it remains only to observe that theproperty in question is preserved under 
omposition. If, for example, Q(~x) = R(S(~x); T (~x)), then sQ 
anbe taken to be 
R +maxf
S; 
T g+ 
Æ, where 
Æ is the 
onstant of the rudimentary fun
tion that 
omposesfragments of RP, SP and TP to a fragment of QP. a (5�47)5�48 REMARK At this point we know that all the axioms of GJ0 are for
ed by the trivial 
ondition.No new ordinals !There is a long-established prin
iple that a generi
 extension will 
ontain no ordinals not in the groundmodel. In [M5℄ I present an admittedly pathologi
al example of for
ing over an improvident but transitivemodel of Zermelo set theory where this prin
iple breaks down. So our task here is to present a proof, workingin the theory PROVI, of the following:5�49 PROPOSITION If p k�x � _On then 9q :�p 9� :�%(x) q k��̂ = x.Plainly the statement of the Proposition requires every ordinal to have a hat; but hatting is 1IP-rud re
,so available in PROVI. Proposition 3�16 then yields5�50 PROPOSITION For ea
h ordinal �, 1 k� �̂ is an ordinal.The se
ond requirement is that there should be enough set theory to prove that the prin
iple of tri-
hotomy for two ordinals is for
ed. So let � and � be ordinals.5�51 LEMMA Either � \ � = � or � \ � 2 �.Proof : � r � if non-empty has, by foundation, a least element, � say; then show that � = � \ �. a (5�51)5�52 TRICHOTOMY FOR ORDINALS � 2 �, � = � or � 2 �.Proof : Consider the four statements � \ � = �1a � \ � 2 �1b � \ � = �2a � \ � 2 �2bWe know that [(1a or 1b) and (2a or 2b)℄ holds. Of the four possibilities, (1b and 2b) is impossible, as itwould imply � \ � 2 � \ �, 
ontradi
ting foundation; the three disjun
ts of the proposition 
orrespond to (1band 2a), (1a and 2a), (1a and 2b). a (5�52)The �nal requirement is that rank should be de�nable in the ground model; but % is ?-rud re
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5�53 LEMMA k� _On is transitive:5�54 LEMMA There are no p 2 IP and x su
h that p k�x � _On ^ d%(x) � x:Proof : suppose su
h an x exists; let it be a member of the transitive set u. By rewriting its de�nition interms of the attempts �k� �u, %�u and �̂�%(u), we see that the 
lassu \ fx j 9p :2 IP p k�x � _On & p k�d%(x) � xgis a set by �0 separation, and non-empty by the initial supposition. Call that set A.Let x be a member of A with %(x) minimal. Then x 2 A and S 2x \ A = ?. Let � = %(x), and letp k�x � _On ^ �̂ � x: So 9q :�p 9r :�q (r; y) 2 x & q k��̂ = y:Let � = %(y). Sin
e y 2 S 2x, � 2 �, so by Proposition 3�16, 1 k��̂ � �̂; q k��̂ = y, so q k�d%(y) � y; soy 2 A, in 
ontradi
tion to the 
hoi
e of x. a (5�54)We 
omplete the proof of Proposition 5�43 by noting that the law of tri
hotomy for ordinals is for
ed:5�55 LEMMA k� Tri
hotomy for ordinalsProof : We have just seen that Tri
hotomy for ordinals is provable in GJ0, and we know that all axioms ofGJ0 are for
ed. a (5�55)Now Lemma 5�48 implies that if p k�x � _On, and � = %(x) then p k��̂ 6� x. By tri
hotomy, p k�x ��̂ _ x = �̂; whi
h implies that there are q 6 p and � 6 � with q k�x = �̂ as required. a (5�43)5�56 REMARK In se
tion 6 of Strength, a for
ing 
ontru
tion is done over a non-standard model N, and itwas there blithely stated without proof that the generi
 extension would bring no new \ordinals" Fortunatelythe model N was power-admissible, and therefore 
ertainly a model of PROVI, whi
h is a sub-theory of KP, sothat the present remarks justify that blithe statement; that is reassuring in view of the somewhat pathologi
almodels presented in [M5℄.We re
ord two related arguments.5�57 LEMMA %(valG(x)) 6 %(x).Proof : %(valG(x)) = supf%(valG(y)) + 1 j (1; y) 2 xg6 supf%(y) + 1 j (1; y) 2 xg6 %(x) a (5�57)5�58 LEMMA If p k��̂ � x then � < %(x).Proof by eps-re
ursion on x: if p k��̂ � x then there are q and r with q � p, q � r, (r; y) 2 x and q k��̂ = y.Hen
e for all � < �, q k��̂ � y and so by indu
tion, � < %(y), so � � %(y) < %(x). a (5�58)
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6: Constru
tion of rudimentarily re
ursive Cohen terms for rank and transitive 
losureRank and transitive 
losure are pure rud re
; we show here that P-rud re
 Cohen terms exist for them.6�0 LEMMA Let A be provident and 
losed under F and F\: for example if F is rud of rud re
. ThenvalG(f(p; F (y)) jp;y (p; y) 2 xg) = fvalG(F (y)) jy 9p :2G (p; y) 2 xg:Proof : Let Z = f(p; F (y)) jp;y (p; y) 2 xg. Z is in A by the hypotheses 
on
erning the 
losure of A underF , F\ and related fun
tions. Then valG(Z) = fvalG(z) jz 9p :2G (p; z) 2 Zg:So if w 2 valG(Z), 9z9p :2 G [w = valG(z) & (p; z) 2 Z℄. So 9y[(p; y) 2 x & z = F (y)℄: So w =valG(F (y)) where for some p 2 G (p; y) 2 x. So the LHS is 
ontained in the RHS.Conversely, if (p; y) 2 x and p 2 G, then (p; F (y)) 2 Z and p 2 G; so valG(F (y)) 2 valG(Z). a (6�0)Let S(�) be the basi
 fun
tion z 7! z [ fzg.6�1 LEMMA There is a rud fun
tion SP(�) su
h that valG(SP(x)) = S(valG(x)).Proof : by 
omposition. a (6�1)6�2 DEFINITION %P(x) =df S Pf(p; SP(%P(y)) j (p; y) 2 x & p 2 IPg6�3 REMARK %P is rud re
 in the parameter P.6�4 LEMMA Let A be provident, and P 2 A. For all x 2 A, valG(%P(x)) = %(valG(x)).REMARK That all makes sense: if x is in A, the name %P(x) is in A. Note that %(valG(x)) is evaluated inthe universe. At present we do not know that the evaluation 
an be 
arried out in AP[G℄.Proof : %(valG(x)) = S f%(y) + 1 jy y 2 valG(x)g de�nition of %= S f%(valG(w)) + 1 jw 9p :2G (p; w) 2 xg de�nition of valG(x)= S fvalG(%P(w)) + 1 jw 9p :2G (p; w) 2 xg indu
tion hypothesis= S fvalG(SP(%P(w))) jw 9p :2G (p; w) 2 xg property of SP= S valG(f(p; SP(%P(w))) jp;w (p; w) 2 xg) by Lemma 6�0= valG(S P(f(p; SP(%P(w))) jp;w (p; w) 2 xg)) property of S P= valG(%P(x)); by the de�nition of %P: a (6�4)6�5 DEFINITION t
lP(x) =df x [PS P(f(p; t
lP(z)) j (p; z) 2 xg):6�6 REMARK t
lP is rud re
 in the parameter P.6�7 LEMMA Let A be provident, and P 2 A. For all x 2 A, valG(t
lP(x)) = t
l(valG(x)).Proof : by similar reasoning.t
l(valG(x)) = valG(x) [S ft
l(y) jy y 2 valG(x)g de�nition of t
l= valG(x) [S ft
l(y) jy 9p :2G 9z (p; z) 2 x & y = valG(z)g de�nition of val(x)= valG(x) [S ft
l(valG(z)) jz 9p :2G (p; z) 2 xg= valG(x) [S fvalG(t
lP(z)) jz 9p :2G (p; z) 2 xg indu
tion hypothesis= valG(x) [S valG(f(p; t
lP(z)) jp;z (p; z) 2 xg) Lemma 6�0= valG(x [PS P(f(p; t
lP(z)) jp;z (p; z) 2 xg)) properties of [P and S P= valG(t
lP(x)); by the de�nition of t
lP: a (6�7)6�8 PROPOSITION Let A be provident, and P 2 A, and let G be (A;P; _�0)-generi
. Then AP[G℄ is 
losedunder rank and transitive 
losure.6�9 REMARK A similar result will hold whenever F is rud re
, given by G, where GP is rudimentary; GPmay be permitted to have as a parameter a name a for a parameter valG(a) in the extension.We pause for breath. The next stage will be to show that the generi
 extension is 
losed under theformation of 
ertain 
anoni
al progresses; but we digress to dis
uss the 
ase of primitive re
ursively 
losedsets, whi
h is now easy.3 v 2009 : : : : : : : : : : : : : : : : : Provident sets and rudimentary set for
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7: Constru
tion of primitive re
ursive Cohen terms for primitive re
ursive fun
tionsJensen and Karp give, following Gandy, this de�nition: there are some initial fun
tions, whi
h are allrudimentary; two versions of substitution: F (~x; ~y) = G(~x;H(~x); ~y) and F (~x; ~y) = G(H(~x); ~y); and thisre
ursion s
hema: F (z; ~x) = G(S fF (u; ~x) ju u 2 zg; z; ~x):7�0 LEMMA Let A be transitive and primitive re
ursively 
losed, and let F be primitive re
ursive. ThenvalG(f(p; F (y)) jp;y (p; y) 2 xg) = fvalG(F (y)) jy 9p :2G (p; y) 2 xg:Proof : as before. a (7�0)For notational simpli
ity there is only one x in the following, but it 
ould easily be repla
ed by a �nitesequen
e.7�1 PROPOSITION Let A be transitive and primitive re
ursively 
losed. Let P 2 A, and let G be (A;P)-generi
. Suppose that G(f; z; x) is primitive re
ursive in the parameter P, and that there is a primitivere
ursive GP su
h that for all f; z; x in A,valG(GP(f; z; x)) = G(valG(f); valG(z); valG(x)):Suppose that F (z; x) = G(S fF (u; x) j u 2 zg; z; x). De�ne FP byFP(z; x) = GP(S P(f(p; FP(u; x)) jp;u (p; u) 2 zg); z; x):Then FP is primitive re
ursive in the parameter P, and for all z; x in A,valG(FP(z; x)) = F (valG(z); valG(x)):Proof : for �xed x by re
ursion on z:F (valG(z); valG(x)) = G�S fF (w; valG(x)) jw w 2 valG(z)g; valG(z); valG(x)�= G�S fF (valG(u); valG(x)) ju 9p :2G (p; u) 2 zg; valG(z); valG(x)�= G�S fvalG(FP(u; x)) ju 9p :2G (p; u) 2 zg; valG(z); valG(x)�= G�S valG(f(p; FP(u; x)) jp;u (p; u) 2 zg); valG(z); valG(x)�= G�valG(S P(f(p; FP(u; x)) jp;u (p; u) 2 zg)); valG(z); valG(x)�= GP�S P(f(p; FP(u; x)) jp;u (p; u) 2 zg); z; x�= valG(FP(z; x)) a (7�1)The above 
on�rms an observation made some years ago by Jensen:7�2 COROLLARY A set-generi
 extension of a primitive re
ursively 
losed set is primitive re
ursively 
losed.
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8: Constru
tion of Cohen terms for the stages of a progress.Let e be a transitive set in the ground model of whi
h P is a member, and let � be inde
omposable, ex
eedingthe rank of e. P e� is provident. Let _d be the Cohen term ê [ f _GgP, so that valG( _d) will be the transitive setd = e [ fGg.8�0 REMARK _d will be a member of P e%(P)+k for some (small) k, given the de�nition of _G, our 
onventionthat 1 = 1 and the fa
t that �̂ is 1-rud re
.Our task is to build for ea
h � < � a name N(�) for the stage P d� of the progress towards d.A simpli�ed progressNow %(G) 6 %(IP) < %(P), so that for � > �, d� = e� [ fGg. It might be that %(G) < %(IP); to avoidbuilding names whi
h make allowan
e for that un
ertainty, we shall build names for the terms of a slightlydi�erent progress (Qd�)� .8�1 DEFINITIONfor � < �; Qd� = P e� ; Qd� = P e� [ fGg;for � > �; Qd�+1 = T(Qe�) [ fd�g [ d�+1; Qd� = [�<�Qd� for � = S� > �:8�2 PROPOSITION If � is inde
omposable, then Qd� is provident and equals P d� .Proof : by [M4, Proposition 55�54℄. a (8�2)Names using dynami
 predi
atesWith that in mind, we now de�ne names N(�) su
h that valG(N(�)) = Qd� .8�3 DEFINITION _d� =df be� [ f _GgP for � > �for � < �; N(�) = 
P e� ; N(�) = 
P e� [ f _GgP;for � > �; N(� + 1) = TP(N(�)) [ f _d�g [ _d�+1; N(�) = S P�(1IP; N(�)) �� � < �	 for � = S� > �8�4 LEMMA For � > �, N(�) 2 P e; =�+!.Proof by 
ases: for � = �, by inspe
tion; for su

essor ordinals, by knowledge of the birthday of TP; for limit� by knowledge of the delay of S P. a (8�4)8�5 PROPOSITION Ea
h N(�) for � < � is in P e� .Proof : All those names are in P e; =� , whi
h was shown in Proposition 2�18 to equal P e� . a (8�5)8�6 PROPOSITION Let G be (P e� ;P) generi
 and let � < �. Then valG(N(�)) = Qd� .Proof : by indu
tion on �. a (8�6)
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9: Generi
 extensions of provident sets and of Jensen fragmentsWe are now in a position to prove the following theorem:9�0 THEOREM Let � be an inde
omposable ordinal stri
tly greater than the rank of a transitive set e whi
h
ontains the notion of for
ing, P. Let G be (P e� ;P)- generi
. Then (P e� )P[G℄ = P e[fGg� and hen
e is provident.Proof : (P e� )P[G℄ 
ontains P e[fGg� , as we have for ea
h � < � built a name in P e� that evaluates under G toQe[fGg� , and we know by Proposition 8�4 that Qe[fGg� equals P e[fGg� .For the 
onverse dire
tion, we know that P e[fGg� is provident, and has G as a member and hen
e 
ansupport the G-rudimentary re
ursion de�ning valG(�). Further P e[fGg� in
ludes (P e� )� , whi
h is de�ned byan e-rudimentary re
ursion, and so in
ludes (P e� )P[G℄. a (9�0)REMARK Thus, in this spe
ial 
ase, a generi
 extension of a model of PROVI is a model of PROVI. We shalluse this result to establish it more generally.REMARK Theorem 9�0 remains true if the hypothesis on � is weakened to requiring that � > %(P).Proof that a generi
 extension of a provident set is provident.9�1 THEOREM Let A be provident, P 2 A and G (A;P)-generi
. Then AP[G℄ is provident.Proof : Let � =df On \ A and let T = f
 j 
 2 A & 
 is transitive & P 2 
g. ThenA =[fP 
� j 
 2 Tg;sin
e the union on the right 
ontains ea
h element of A and is 
ontained in A. It follows thatAP[G℄ = [
2T(P 
� )P[G℄By Theorem 9�0, as ea
h P 
� is provident and 
ontains P,AP[G℄ = [
2T P 
[fGg�and ea
h P 
[fGg� is provident. Now in [M4, Proposition 5�52℄ we proved theLEMMA If � is inde
omposable and D is a 
olle
tion of transitive sets ea
h of rank less than � and su
h thatthe pair of any two is a member of a third, then Sd2D P d� is provident.Take D = f
 [ fGg j 
 2 Tg to 
omplete the proof. a (9�1)
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Generi
ity at every limit level9�2 PROPOSITION Let e be a transitive set with P 2 e. Let � be inde
omposable, greater than %(e). Let �be a limit ordinal not less than �. Let � > � + !, and let G be (P e� ;P) generi
. Put d = e [ fGg; then d isalso transitive of rank < �. Suppose that P e� [G℄ = P d� . Then P e�+![G℄ = P d�+!.Proof : At this level, where we are above the rank of both e and d, P e�+1 = T(P e� ) and P d�+1 = T(P d� ).(i) P d� = valG(P e�) : for as � is a limit ordinal, P e� is rud 
losed.Hen
e T(P d� ) = valG(TP(P e�))(ii) 2 P e�+![G℄ as TP(P e�) 2 P e�+!:Iterating T, we see that P d�+! � P e�+![G℄:(iii) In the other dire
tion, both e and G are in P d� ; as � 6 �, P d�+! will be both e- and G-provident; soP e�+! � P d�+!, and therefore as valG(�) is G-rud re
, P e�+![G℄ � P d�+!. a (9�2)9�3 COROLLARY If J IP� [G℄ = J�(G), and � > %(P):!, then J IP�+1[G℄ = J�+1(G).9�4 THEOREM Let IP 2 J�, where � is inde
omposable. Let G be IP-generi
 over L. Then for ea
h ordinal� � �, J�(G) = J IP� [G℄: in parti
ular ea
h set in J�(G) is valG(a) for some a 2 J� .Here is an appli
ation, whi
h 
eshes out an argument outlined in a letter from Sy Friedman.9�5 PROPOSITION Let � < � 6 � < � be ordinals, with � inde
omposable. Suppose that P 2 J� and that Gis (J�;P) generi
. Let x � �, with x 2 J� and x 2 J�(G). Then x 2 J� .Proof : x̂ 2 J�. Sin
e JP� [G℄ = J�(G), x = valG(y) for some y 2 J� . Therefore some 
ondition p in G for
esy = x̂; so x = f� < � j p k��̂ � yg. The map � 7! �̂, restri
ted to the � less than �, is in J�+1, and therelation p k��̂ � z is rudimentary in �=; an appropriate segment of that 
hara
teristi
 fun
tion is in J� , bypropagation starting from �; and therefore x 2 J� . a (9�5)
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10: Persisten
e of 
ertain systemsExtension of the de�nition of for
ing to all w�sWe may extend the de�nition of for
ing, s
hemati
ally, to all w�s, thus:10�0 DEFINITION p k�Vx _�() 8x p k� _�(x)10�1 PROPOSITION p k�Wx�() 8q :�p 9r :�q 9x r k��(x)p k�Wx : � y �() 8q :�p 9r :�q 9(t; �) :2y �r � t & r k� _�(�)�Thus (in KP) if IP is a set, k� restri
ted to �1 w�s will be �1; and in ZF , for
ing for �n w�s is �n.10�2 PROPOSITION p k��() 8q � p9r � q r k��k�x = � ^ �(�) �! �(x).Proof : already proved for atomi
 w�s, an easy indu
tion thereafter.a10�3 EXERCISE Show that if p k�Vx(� �! 	(x)) and � is a senten
e of LIP, (so that, intuitively, x has nofree o

urren
e in �), then p k�� �! Vx	(x).This exer
ise, 
oupled with our remarks about Modus Ponens above, ensure that we may apply mathe-mati
al reasoning to statements in our for
ing language.10�4 REMARK There is a point to be made here, similar to the problem of de�ning truth for all formulae. Wehave de�ned the for
ing relation �k� for all w�s ' of our formal language that are _�0 by a single de�nition,similar to our de�ning truth for _�0 w�s by re
ursion over the transitive 
losure of the parameters o

urring;in the 
ase of for
ing we need to 
onsider the transitive 
losure of fPg and the names o

urring in the w�.But we are not able to make a single de�nition for all formulae with arbitrarily many unrestri
tedquanti�ers, but must introdu
e them s
hemati
ally. This would be
ome very apparent in the Boolean-valued presentation of for
ing, where truth values are assigned in a 
omplete Boolean algebra, and we mustinvoke the axiom of repla
ement for ea
h quanti�er to see that the supremum over a 
lass is a
tually thesupremum over a set.For the moment, of 
ourse, we only need this de�nition for the very small number of unrestri
tedquanti�ers, two or three, required for reasoning in KP .The persisten
e of KPIThe system KPI, as presented in [M2℄, may be obtained by adding to the axioms of PROVI the s
hemesof �1 foundation and �0 
olle
tion. As we have proved the persisten
e of PROVI, it only remains to dis
ussthose two s
hemes.�1 foundationWe exploit the fa
t that in KP, �0(�1) predi
ates (that is, �1 pre
eded by a �0 string of restri
tedquanti�ers) are equivalent to �1 ones. First a general dis
ussion:Let A be a �0(�1) 
lass. PutB =df f� j � 2 A V 9� :2� � 2 AgC =df f� j � 2 A V 9� :2� � 2 A V 9� :2� 9� :2� � 2 AgD =df f� j t
l(�) \ A 6= ?g10�5 LEMMA (KP) Ea
h of B, C, and D is �KP1 .Proof : For D, express t
l(�) \ A 6= ? as8f� if f is an attempt at the fun
tion t
l and � 2 Dom f then 9a :2f(�) a 2 A�whi
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10�6 LEMMA (KP)(10�6�0) If � is B-minimal, then � 2 A but (� [S �) \ A = ?;(10�6�1) If � is C-minimal, then � 2 A but (� [S � [S 2�) \ A = ?;(10�6�2) If � is D-minimal, then � 2 A but t
l(�) \ A = ?.Now let � be _�0(�1); put A = f� j 9p :2 IP p k��[�℄g. Then A is _�0(�1). Form 
, and, assumingA 6= ?, let � be C-minimal. Then for some p, p k��[�℄, but p will also for
e that � is �-minimal.Restri
ted 
olle
tion10�7 PROPOSITION k�IP�0-
olle
tion.Suppose that p k�Vx : � aWy _�, where _� is �0. This will expand to a statement of the form8x :2Dom(a) 8q :�p 9r :�q 9 a name t su
h that q k�1 x � a =) r k� _�[t; x℄:But we know that the for
ing relation for �0 w�s is �1, and so in KP we may �nd a set v 
ontaining atleast one su
h name for ea
h x 2 Dom (a). Form the set w = f(1IP; a) j a 2 vg: then we shall �nd that wwill do. a (10�7)10�8 REMARK Colle
tion is more natural than repla
ement in the 
ontext of for
ing.Proof that a generi
 extension of an admissible set is admissibleNOTE that this dis
ussion seems to be aimed at the ill-founded 
ase.10�9 LEMMA For ea
h �0 senten
e ' of LIP, say with 
onstants a1 : : : an,M IP[G℄ j= '[valG(a1); : : : valG(an)℄() 9p :2G p k�IP'[a1; : : : an℄:We shall prove this by indu
tion on the length of '. For the atomi
 
ases of the de�nition of for
ing,this is the 
ontent of the previous proposition in the light of the putative lemma, now a de�nition.The propositional 
onne
tives are 
overed by G's being a 
onsistent and 
omplete �lter.The problem of handling restri
ted quanti�ers redu
es to showing that if 9p :2G p k�IPWx : � a'(x) then9q :2G 9(r; �) :2a q � p & q � r & q k�IP'[�): But the 
lass�q 2 IP j q in
ompatible with p V 9(r; �) :2a q � p & q � r & q k�IP'[�)	is dense open and �KP1 ; hen
e in M and so met by G. a (10�9)10�10 LEMMA If G meets all dense open �1(M) sub-
lasses of IP then for ea
h �1 senten
e '[a1; : : : an) asabove, M IP[G℄ j= '[valG(a1); : : : valG(an)℄() 9p :2G p k�IP'[a1; : : : an℄:Further, if ' is �2, then9p :2G p k�IP'[a1; : : : an℄ =)M IP[G℄ j= '[valG(a1); : : : valG(an)℄Proof : The se
ond 
lause follows easily from the �rst. The proof of the �rst redu
es to showing that for �0�, 9p :2G p k�Wx�(x)() 9q :2G 9a q k��(a):To do the less trivial dire
tion, suppose that p k�Wx�. The 
lassfq 2 IP j q in
ompatible with p V 9a q k��(a)gis dense open and �1(M); so G meets it. a (10�10)10�11 THEOREM If M is admissible, P 2 M and G is an (M;P) generi
 �lter meeting ea
h dense opensub
lass of M that is the union of a �1(M) and a �1(M) 
lass, then MP[G℄ is admissible.3 v 2009 : : : : : : : : : : : : : : : : : Provident sets and rudimentary set for
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Proof : Remark �rst that mu
h of KP is a �2 theory: the elementary axioms and indeed the �0 separations
heme amount to saying that the universe is 
losed under the eight basi
 rudimentary fun
tions: so for ea
hRi (say of two variables) we assert that 8x8y9z z = Ri(x; y). This is �2; we know that all these assertionsare for
ed by 1IP, and hen
e by the last lemma are true in M IP[G℄. Transitive 
ontainment and, with a littlemanipulation, �1 foundation 
an also be obtained this way.Our only problem therefore is with �0 
olle
tion. Suppose therefore that 	 is �0, that a = valG(a) 2M [G℄ N 1 and that M [G℄ j= Vx : � ~aWy 	(x; y):Let � =df fp j p k�IPVx : � aWy 	 V 9(q; �) :2a p � q & p k�IPVyq	(�; y):Then � is dense open, and is the union of a �KP1 
lass and a �KP1 
lass. By hypothesis, G \� 6= 0.Hen
e there must be a p 2 G su
h that p k�IPVx : � aWy 	, the other half of the dense set being ex
ludedby our assumption on M [G℄. But we know from Proposition 10�7 that then p k�IPWvVx : � aWy : � v	(x; y); asp 2 G, and this statement is �1, M IP[G℄ j= WvVx : � ~aWy : � v	(x; y), as required. aPersisten
e of �1 separationTo see that the For
ing Theorem, the prin
iple that \what is true is what is for
ed", holds for �1 w�s,we shall need �1 separation in the ground model.10�12 PROPOSITION Suppose that M is a provident set modelling �1 separation, P 2M and G (M;P; _�0)generi
. Let 	(�; �) be _�0. Then the following are equivalent for ea
h x 2M :(i) M [G℄ j= Wy	(y; valG(x)℄;(ii) 9p :2G M j= p k�Wy	(y;x℄.Proof : If (i) then 9y :2M M [G℄ j= 	[valG(y); valG(x)℄; so by the For
ing theorem for restri
ted w�s, somep in G for
es 	[y; x℄; and then this p trivially for
es Wy	(y;x℄.Conversely, if p0 2 G for
es Wy	(y;x℄ then the 
lass E =df fp j 9y p k�	(y;x℄g, is dense belowp0; but E is de�ned by a �1 pre�x to a rud re
 property, and so it will follow from �1 separation in Mthat E is a set in M and therefore meets G. Let p 2 E \ G. Then for some y 2 M , p k�	[y; x℄, soM [G℄ j= 	[valG(y); valG(x)℄, when
e M [G℄ j= Wy	(y; valG(x)℄. a (10�12)10�13 PROPOSITION Suppose that M is a provident set modelling �1 separation, P 2M and G (M;P; _�0)generi
. Then �1 separation is true in M [G℄.Proof : Let valG(a) 2 M [G℄. In M , let A = f(p; x) j p k�1 x 2 ag Then valG(a) = valG(A). A 2 M , as it isre
overable from IP�S 2a by using a basi
 separator.Now, in M , set B = A \ f(p; x) j 9y p k�	[y; x℄g. B 2 M , as it is re
overable from A by using a rudre
 separator.LEMMA In M [G℄, valG(B) = valG(A) \ fx j 9y	(y; x)g.Proof : valG(B) = fvalG(x) j 9p :2 G p k�1 x � a & 9y :2M p k�	[y; x℄g, so 
ertainly in M [G℄, valG(B) �valG(A) \ fx j 9y	(y; x)g.Suppose that valG(x) 2 valG(a) and that M [G℄ j= Wy	(y; valG(x)℄; then for some y 2 M , M [G℄ j=	[valG(y); valG(x)℄; so for some q 2 G, q k�x � a ^	[y; x℄: So there is a p 2 G with p 6 q and 9x1 :2M su
hthat p k�x = x1 & p k�1 x1 � a & p k�	[y; x1℄:But then (p; x1) 2 B, and valG(x) = valG(x1) 2 valG(B). a (10�13)N 1 a 
omment on the notation: a is in M and is a name in the for
ing for a; a is used in the for
inglanguage to remind us that a is not being spoken of as itself but as a name for an as yet un
reated obje
t;on the other hand, on
e the model M [G℄ exists we may dis
uss what senten
es are true in it, in terms of theusual truth predi
ate j= and the asso
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Persisten
e of full separationFor a 
lass � of w�s, su
h as �k or �k, let FT (�) be the prin
iple that for set for
ing over a providentmodel M , if p for
es some � in �, then � will be true in M [G℄ whenever p 2 G; let �1� be the 
lass of w�sof the form 9x	 where 	 2 �; and let k�� be the 
lass of w�s of the form p k� _� where � is in �.Then the arguments given for �1 show more generally that10�14 THEOREM(i) if FT (�k) then FT (�k+1);(ii) if FT (�k) and �1(k��k) separation holds in M then FT (�k+1);(iii) if FT (�k) and (k��k) separation holds in M , then �k separation holds in all set-generi
 extensionsof M .10�15 COROLLARY FT (�0) holds for all provident sets; so any set-generi
 extension of a provident set whi
hmodels full separation will also be provident and model full separation; moreover the for
ing theorem willhold for all w�s.10�16 REMARK We would have to take �k in a stri
t sense, as we have no me
hanism for removing �0pre�xes to a �k formula. On the other hand, it seems that G meeting ea
h dense subset of IP will suÆ
e.10�17 REMARK The 
lass k�� will generally be larger than �, as �0 quanti�ers su
h as 8q :�r 9r :�q willusually be interpolated between su

essive unrestri
ted quanti�ers of a formula in �. Of 
ourse if appropriateforms of Colle
tion hold in M , these surplus restri
ted quanti�ers 
an be absorbed; and they 
an also beabsorbed in 
ontexts su
h as V = L when the Lemma of Sy Friedman dis
ussed in x4 of [M1℄ holds.10�18 REMARK We 
an redu
e the amount of separation required to hold in M in proving the for
ingtheorem if, instead, we require the generi
 G to meet 
ertain dense de�nable 
lasses. On the other hand,that devi
e apparently 
annot be used to show that separation holds in the extension where it did not holdin the ground model; whi
h raises the following question.
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11: De�nition of generi
 �lter and extension in the ill-founded 
aseThere are some points to be 
lari�ed about the 
onstru
tion of a generi
 extension of an ill-foundedmodel N. There are three problems: one is to show that the generi
 �lter 
an be built, then that the model
an be de�ned, and �nally that truth respe
ts for
ing.We suppose that we are treating for
ing in the manner of Shoen�eld, in whi
h every element of theground model is interpreted as a name for a member of the extension.If one were dealing with a well-founded model N , one would pro
eed by �rst 
hoosing a �lter G thatmeets every sub
lass of IP that is de�nable over N , so that we may 
all G (N; IP)-generi
, and then makingthe following re
ursive de�nition:11�0 PUTATIVE DEFINITION De�ne (externally to N) valG : N ! V byvalG(b) = fvalG(a) j 9p :2G (p; a) 2 bg:Then we would prove the following11�1 PUTATIVE LEMMA For all a and b the following hold:valG(a) 2 valG(b)() 9p :2G p k�a � b(11�2) valG(a) � valG(b)() 9p :2G p k�a _� b(11�3) valG(a) = valG(b)() 9p :2G p k�a = b(11�4)In our present 
ontext, the model N is ill-founded, and so prima fa
ie we 
annot 
arry out that re
ursivede�nition. However we may 
hoose G as before, meeting every N-de�nable sub
lass of IP. Then we treat theabove Lemma as a de�nition:11�5 DEFINITION De�ne for all a and b in N the following equivalen
e relation:a �G b() 9p :2G p k�a = bLet Q = QG be the set of equivalen
e 
lasses. Write [a℄G for the �G-equivalen
e 
lass of a 2 N.De�ne a relation 2G on Q by [a℄G 2G [b℄G () 9p :2G p k�a � bThat that relation is independent of the 
hosen representives a, b, of their equivalen
e 
lasses followsfrom general fa
ts about for
ing established within N.Then (Q;2G) is a perfe
tly reasonable 
ountable set with a two-pla
e relation on it, and we 
an askwhi
h of the senten
es of the language of set theory are true in that model when we interpret = by equalityand � by 2G .We establish the familiar prin
iple that what is true in this model is what is for
ed by some member ofG: but the proof of that relies entirely on the fa
t that G meets all the ne
essary dense 
lasses, and makesno use of the well-foundedness of the model under 
onsideration.The For
ing Theorem in the general 
aseWe wish to prove that(N;S) j= �[(a)F ; (b)F ℄() 9p :2F (M;R) j= p k��[a; b℄:11�6 REMARK That notation hints at a 
on
i
t of language level. We have _�0 w�s whi
h are sets, and overthe set of whi
h we 
an quantify; we are using these w�s, when their formal free variables are interpretedby 
onstants, in two 
ontexts; in our 
urrent universe, for whi
h we have a truth de�nition j=0 and in thegeneri
 extension via the de�nition of for
ing p k�'.So really the above prin
iple, for _�0 w�s, should be written(N;S) j= j=0 '[(a)F ; (b)F ℄() 9p :2F (M;R) j= p k�'[a; b℄;3 v 2009 : : : : : : : : : : : : : : : : : Provident sets and rudimentary set for
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and then the apparent 
on
i
t of language level will have been resolved.When unrestri
ted quanti�ers are then \added by hand" there is no further problem.The prin
iple holds for atomi
 w�s by de�nition of the relation S.For propositional 
onne
tives, the indu
tion will advan
e by general properties of the for
ing relation:we are repeatedly saying that there is some dense subset of the for
ing in the model, whi
h the generi
 hasto meet.For quanti�ers, the dis
ussion will fo
us on the dense 
lass of those p for whi
h there is an obje
t in Mwhi
h names a witness to the existential statement under 
onsideration. Why should the generi
 meet that
lass ?We have two answers: either a suÆ
ient amount of separation is true in the ground model to 
on
ludethat the 
lass is a
tually a set; or we require the generi
 to meet all dense 
lasses of that de�nability level.For for
ing over models of PROV, we 
an 
ertainly establish the prin
iple for _�0 w�s. That might suÆ
efor our purposes; if the model is one of full Zermelo, then we shall get the prin
iple for all w�s.On
e that has been done, we may strengthen the ties between Q and N, by showing that we may treatQ as an extension of N by 
onsidering the map x 7! [x̂℄; we may also show that G is in Q, being [ _G℄. Herex̂ is the 
anoni
al for
ing name for the member x of the ground model, de�ned re
ursively inside N, (usingwhi
h we may de�ne a predi
ate V̂ of the for
ing language for membership of the ground model) and _G isthe 
anoni
al for
ing name for the generi
 being added.We show that every name has a unique rank of N atta
hed, 
hosen from all possible by the 
ompletenessof G. Those ranks are simply the ordinals of N.So loosely we may say that the extension Q is no more ill-founded than is the starting model N. Further,Q 
onsiders itself to be a generi
 extension of N via IP and G, the 
orresponding statement about ÎP and _Gbeing for
ed. Hen
e inside Q the re
ursive de�nition of valG : N! Q byvalG(b) = fvalG(a) j 9p :2G hp; ai 2 bg:su

eeds, using the predi
ate V̂ identifying the members of N.11�7 PROPOSITION [a℄G = valG(a).Proof : we do this by re
ursion inside the ill-founded model. a (11�7)R E F E R E N C E S[De℄ K. Devlin, Constru
tibility, Perspe
tives in Mathemati
al Logi
, Springer-Verlag, Berlin, 1984.[G℄ R. O. Gandy, Set-theoreti
 fun
tions for elementary syntax, in Pro
eedings of Symposia in Pure Math-emati
s, 13, Part II, ed. T.Je
h, Ameri
an Mathemati
al So
iety, 1974, 103{126.[H℄ K. Hauser, Generi
 Relativizations of Fine Stru
ture, Ar
hive for Mathemati
al Logi
 39 (2000) 227{251.[JK℄ R. B. Jensen and C. Karp, primitive re
ursive set fun
tions, in Pro
eedings of Symposia in Pure Math-emati
s, 13, Part I, ed. D. S
ott, Ameri
an Mathemati
al So
iety, 1971, 143{176.[J1℄ R. B. Jensen, Stufen der konstruktiblen Hierar
hie. Habilitationss
hrift, Bonn, 1967 (?)[J2℄ R. B. Jensen, The �ne stru
ture of the 
onstru
tible hierar
hy, with a se
tion by Ja
k Silver, Annals ofMathemati
al Logi
, 4 (1972) 229{308; erratum ibid 4 (1972) 443.[M1℄ A. R. D. Mathias, Slim models of Zermelo Set Theory, Journal of Symboli
 Logi
 66 (2001) 487{496.[M2℄ A. R. D. Mathias, The Strength of Ma
 Lane Set Theory, Annals of Pure and Applied Logi
, 110(2001) 107{234.[M3℄ A. R. D. Mathias, Weak systems of Gandy, Jensen and Devlin, in Set Theory: Centre de Re
er
aMatem�ati
a, Bar
elona 2003-4 , edited by Joan Bagaria and Stevo Todor
evi
, Trends in Mathemati
s,Birkh�auser Verlag, Basel, 2006, 149{224.[M4℄ A. R. D. Mathias, Rudimentary re
ursion and provident sets, to be submitted.[M5℄ A. R. D. Mathias, Set for
ing over models of Zermelo or Ma
 Lane, to be submitted to the pro
eedingsof the Brussels Centenary Conferen
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