
Rudimentary re
ursion and provident setsA. R. D. MATHIASERMIT, Universit�e de la R�eunionAbstra
t. We introdu
e the 
lass of rudimentarily re
ursive fun
tions, and study those sets,whi
h we 
all provident, whi
h are non-empty, transitive and 
losed under all rudimentarilyre
ursive fun
tions, allowing parameters from within the set in question. We identify a singlerudimentary re
ursion, with parameter, to instan
es of whi
h all others redu
e; we obtain various
hara
terizations of provident sets, showing in parti
ular that the segment J� of the Jensenhierar
hy is provident if and only if !� is an inde
omposable ordinal; and we �nd uniform aÆnebounds on the rate of growth of rudimentarily re
ursive fun
tions.In the 
losing se
tions we look brie
y at various more liberal re
ursions, we give modelsof Zermelo set theory that fail in various ways to support rudimentary re
ursions, and we o�erimprovements on existing de�nitions of truth predi
ates.
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an be done overany transitive set or 
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ing Theorem will hold for _�0 senten
es of the for
ing language; and that the generi
extension will be provident.
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0: Introdu
tionThe �1 re
ursion theorem of Kripke-Platek set theory KP proves for G a �1 fun
tion that if G is total,so is the fun
tion F given by the re
ursion F (x) = G(F �x);and further F is provably equal to a �1 fun
tion.We wish to 
onsider this theorem in the 
ase that the de�ning fun
tion G is not merely �1 but a
tuallyrudimentary in the sense of Jensen [J2℄. In su
h 
ases we shall speak of F as given by a rudimentaryre
ursion, or, more brie
y, that F is rud re
. We shall also use this terminology when F is intended to be afun
tion de�ned on On rather than on V , or de�ned by re
ursion on other well-founded relations related tothe epsilon relation.Some rudimentary re
ursions0�0 EXAMPLE The de�nition of rank: %(x) =[f%(y) + 1 jy y 2 xg0�1 EXAMPLE The de�nition of transitive 
losure:t
l(x) = x [[ft
l(y) jy y 2 xg0�2 EXAMPLE Let S(x) be the set of �nite subsets of x. Restri
ted to ordinals, this has a rudimentarilyre
ursive de�nition:S(0) = f?g; S(� + 1) = S(�) [ fx [ f�g jx x 2 S(�)g; S(�) = [�<�S(�):0�3 EXAMPLE Jensen in [J2℄ gives a single rudimentary fun
tion that 
an be used to generate the 
on-stru
tible universe. We re
all below the de�nition of a unary rudimentary fun
tion T, introdu
ed in WeakSystems [M3℄, su
h that the following rudimentary re
ursion on On, the 
lass of von Neumann ordinals,T0 = ?; T�+1 = T(T�); T� = [�<�T�whi
h 
an be said in one breath as T� = [�<� T(T�)generates L and the Jensen hierar
hy in that L = S�2ON T� , and J� = T!� .0�4 REMARK If we re
ursively de�ne T (x) = Sy2x T(T (y)), then T (x) always equals T%(x). More generally,if G is a (
lass) (rudimentary) fun
tion su
h that u � G(u), and we de�ne E0 = ?, E�+1 = G(E�),E� = S�<� E� by re
ursion on the ordinals, and F (x) = Sy2xG(F (y)) by set re
ursion, then for all x,F (x) = E%(x).0�5 EXAMPLE To form L(d), the 
onstru
tible 
losure of d, a transitive set, requires a rud re
ursion in theparameter d: de�ne D(x) = d [ [y2xT(D(y)):Then D(x) = D%(x) where D0 = d; D�+1 = T(D�); D� = S �<�D� , whi
h is the usual ordinal re
ursion forthis purpose. L(d) = SxD(x) = S� D� .In fa
t, for the purposes of the present paper a di�erent re
ursion proves desirable, and will be introdu
edin due 
ourse.3 v 2009 : : : : : : : : : : : : : : : : Rudimentary re
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0�6 EXAMPLE Suppose we are making a for
ing extension using a notion of for
ing P that is a set of theground model, assumed transitive. In the theory of for
ing, a member y of the ground model is representedby the term ŷ of the language of for
ing, given by the re
ursionŷ =df f(1IP; x̂) jx x 2 ygThis is a rudimentary re
ursion in a parameter, being of the formF (a) = G(1IP; F �a)where G is the rudimentary fun
tion (1IP; a) 7! f1IPg� Im(a): though it would be a simple matter to spe
ifythat 1IP is always to be some hereditarily �nite set, for example 1, when G 
ould be rewritten as a pure rudfun
tion.0�7 EXAMPLE If M is an (intransitive) elementary submodel of a transitive set or 
lass, then the Mostowski
ollapsing isomorphism $M is given by the re
ursion$M (x) = f$M (y) jy y 2 x \Mgso that, in some sense, $M is rudimentarily re
ursive in the predi
ate M .0�8 EXAMPLE If G is a generi
 �lter on a notion of for
ing P in a transitive modelM , and we follow Shoen�eldin treating all members of M as P-names, the fun
tion valG(�) de�ned for a 2M is given by a rudimentaryre
ursion with G as a parameter.valG(b) =df fvalG(a) ja 9p :2G (p; a) 2 bgThe generi
 extension M [G℄ is then be de�ned as fvalG(a) ja a 2Mg.0�9 REMARK Note that the de�nition of the for
ing relation k� has not been invoked in making thesede�nitions, but its properties would be needed to show that M [G℄ has interesting properties.0�10 REMARK Close s
rutiny reveals that the fun
tion valG(�) 
ombines two fun
tions, whi
h we might 
alltransforming and 
ollapsing, and when 
onsidering for
ing in 
ertain 
ontexts, to be explored in a 
ompanionpaper Provident sets and rudimentary set for
ing, [M4℄, there are grounds for separating the two fun
tions.For example, if G is (M;P)-generi
, one might �rst de�ne for x 2M~�(x) = f(1IP; ~�(a)) jp;a (p; a) 2 x & p 2 Gg;thus transforming P-names to 2-names;z and then one would 
ollapse the 
lass of pure 2-names, to obtainthe desired generi
 extension, by setting for x 2 Im (~�),$(x) = f$(y) jy (1IP; y) 2 xg;whi
h of 
ourse is the inverse of the fun
tion x 7! x̂ when the latter is taken to be de�ned on M [G℄.Both re
ursions are rudimentary in appropriate parameters or 
lasses.0�11 EXAMPLE The relation x 2? y, meaning x is in the transitive 
losure of y, is given by a rud re
ursionon the se
ond variable y, the �rst variable x remaining free:x 2? y () x 2 y V 9z :2y x 2? z0�12 EXAMPLE Ordinal addition is given by the re
ursionA(�; 0) = �; A(�; � + 1) = A(�; �) + 1; A(�; �) = [�<�A(�; �)That is again a rud re
ursion on the se
ond variable, the �rst remaining free.z Histori
al in
uen
es are slightly 
onfusing our notation here, as 2 is the 
omplete Boolean algebra naturallyasso
iated to the partial order whose sole member is 1.3 v 2009 : : : : : : : : : : : : : : : : Rudimentary re
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Rud re
 fun
tions whi
h are not rudimentary0�13 EXAMPLE In Weak Systems [M3℄, x12, a transitive model of ZC is given in whi
h TCo fails. Thus t
lthough rud re
, 
annot be rud. Note that the rank of t
l(x) always equals that of x.0�14 EXAMPLE Consider for any limit ordinal �, \Model M13;�" studied in x7 of Weak Systems, whi
h issupertransitive and a proper 
lass but whi
h 
ontains only the ordinals < �, and is de�ned as the union ofall transitive sets u whose interse
tion with � is bounded stri
tly below �. Every transitive model of Zermeloset theory (even without the axiom of in�nity) is rudimentarily 
losed, essentially be
ause GJ0 is a subsystemof Z; so this model, in whi
h TCo holds, shows that ZC is in
apable of proving that rank is total and thatrank is a rud re
 fun
tion that is not rudimentary.0�15 EXAMPLE The fun
tion � 7! 2�� is given by a rudimentary re
ursion. Nevertheless it is not rudimentary,for the rud 
losure of f!g has ! as a member but, by Gandy [G℄, not EVEN =df f2 � n jn n 2 !g.0�16 EXAMPLE The 
hara
teristi
 fun
tion of EVEN is given by a rud re
ursion on !:�(0) = 1; �(n+ 1) = 1r �(n):Note that ��! =2 rud 
lJ1 [ f!g.0�17 REMARK Corollary 14�5 ofWeak Systems shows that J2 is not the rud 
losure of J1[f!g, J1 not beinga member of that latter set; but J2 is the rud re
 
losure of J1 [ f!g; indeed of ! + 1.0�18 REMARK J2 has re
ently been the obje
t of study by Nik Weaver: Analysis in J2.Some fun
tions whi
h are not rud re
0�19 REMARK The fun
tion � 7! � + !, simple though it be, is not given by a pure rudimentary re
ursion;still less are the other fun
tions of ordinal arithmeti
; nor is the J hierar
hy. The reason is that any rudfun
tion G only raises rank by a �nite amount k, a uniform bound for all arguments; whi
h we may 
all therudimentary 
onstant of G; from that it will follow that for a pure rud re
 fun
tion F , for ea
h argument x,%(F (x)) < %(x) + !.0�20 REMARK In a notation that we develop in x5, if F is ?-rud-re
, F �� P 
� � P 
�, so for x of limit rank,%(F �x) = %(x). When a parameter p is involved, the same equality will hold for x of limit rank at least theordinal produ
t %(p) � !.0�21 REMARK The fun
tion g given by the re
ursiong(0) = 1; g(� + 1) = f(g(�)); g(�) = sup g\�where f(�) = 2 � � is given by a rud-re
 re
ursion, but not by a rud re
ursion, as its rate of growth for �nitearguments is too great.0�22 REMARK We 
annot usually expe
t that a �1 total fun
tion is total when relativised to a rud 
losedset; but in the 
ase of rudimentary re
ursions and sets in one of the standard hierar
hies, this will be trueprovided we \get o� to a good start," by whi
h we mean the phenomenon des
ribed in Proposition 5�44.0�23 REMARK The fun
tion x 7! S(x) is not given by a pure rud re
 fun
tion, as we shall see below byestimating the rate of growth of its 
ardinality for x 2 HF. But we 
ould de�ne it by a re
ursion withparameter ! by remarking that for k a positive integer,[a℄k+1 = nx [ fyg ���x;y x 2 [a℄k & y 2[[a℄kor [a℄k:0�24 REMARK The fun
tions x 7! S(x) and � 7! �+! are examples of re
ursions of Type III, to be de�nedin x4. Proposition 5�51 will show that provident sets are 
losed under re
ursions of this type.3 v 2009 : : : : : : : : : : : : : : : : Rudimentary re
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1: Review of the elementary theory of rudimentary fun
tionsWe regard set theory as formalised in a syntax with a 
lass-forming operator and both restri
ted andunrestri
ted quanti�ers: Appendix One gives details to supplement those sket
hed in the present se
tion.All our systems of set theory will have among their axioms those of 
lassi
al propositional and predi
atelogi
, the axioms relating restri
ted quanti�ers to unrestri
ted ones,8x :2y �() 8x(x 2 y =) �)9x :2y �() 9x(x 2 y & �)x 2 fy j�g () [� y=x℄where [� y=x℄ denotes the result of substituting the variable x for the free o

urren
es of the variable y inthe formula �, bound o

urren
es of y in � being �rst 
hanged to an as yet unused variable; and will haveamong their set-theoreti
al axiomsExtensionality: (8w :2x w 2 y&8w :2y w 2 x) =) x = yEmpty Set: ? 2 VPair: fx; yg 2 VDi�eren
e: x n y 2 VUnion: [ x 2 VCall the system so far S0.Suitable terms1�0 DEFINITION A w� or 
lass is �0 if no unrestri
ted quanti�ers o

ur in it. If S is any system of set theory
ontaining S0 we say that a 
lass A or a w� � is �S0 i� there is a 
lass B or a w� 	 su
h that `S A = B or`S �() 	 respe
tively.1�1 DEFINITION A 
lass A is S-suitable if `S A 2 V and for ea
h �0 w� 	 and variable w not o

urringfreely in A, 8w :2A 	 is �S0 .This notion is important in building a 
al
ulus of �0 w�s, whi
h we now do.1�2 PROPOSITION If � and 	 are �S0 , so are 9w :2 z �, 8w :2 z �, where w and z are distin
t variables,(�&	), :� and x 2 fy j �g.1�3 DEFINITION Let x be a variable, B a 
lass and � a w�. Then [�x=B℄ is the result ofi) 
hanging all bound o

urren
es variables in � to o

urren
es of variables not o

urring in B or free in�;ii) repla
ing all free o

urren
es of x in the new formula by B;iii) expanding o

urren
es of the subformul� \B 2 t", \B = t", \t = B", \8y :2 B " a

ording to thede�nitions above.Similarly one may de�ne [Ax=B℄ for A a 
lass. Expressions su
h as [�A=B℄ are not de�ned.1�4 PROPOSITION Let A be S-suitable.(i) if � is �S0 , so is 9w :2A �, provided w is not free in A;(ii) w 2 A, w = A, A 2 w are �S0 , even if w o

urs in A;(iii) if � is �0, [�x=A℄ is �S0 ;(iv) if � is �S0 , so is [�x=A℄.It is ne
essary to prove (iii) before (iv), sin
e a subformula of a �S0 formula need not be �S0 .1�5 PROPOSITION If A and B are S-suitable, so is [B x=A℄.The system S0 is too weak to support the study of the 
lass of rudimentary fun
tions that we are aboutto des
ribe; a

ordingly we spe
ify two progressively stronger axiomati
 systems, DB0 and then GJ0.3 v 2009 : : : : : : : : : : : : : : : : Rudimentary re
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The systems DB0 and GJ01�6 DEFINITION The system DB0 has as its set-theoreti
 axioms Extensionality and these nine:? 2 Vfx; yg 2 Vxr y 2 V Sx 2 VDom (x) 2 Vx� y 2 V x \ f(a; b)2 ja;b a 2 bg 2 Vf(b; a; 
)3 jx;y;z (a; b; 
)3 2 yg 2 Vf(b; 
; a)3 jx;y;z (a; b; 
)3 2 zg 2 VThe following result, of whi
h many variants appear in the literature, presumably goes ba
k to Bernays.1�7 THEOREM All instan
es of �0 separation are provable in the system DB01�8 DEFINITION We shall 
all a fun
tion of the form x 7! x \ A, where A is a 
lass, a separator, or a�0-separator if A is a �0 
lass.1�9 DEFINITION The axioms of the system GJ0 are those of DB0 plus the single axiom 
alled R8 in [M3℄:(R8) fx\fwg j w 2 yg 2 VA set of generators for the 
lass of rudimentary fun
tionsWe introdu
e the rudimentary fun
tions R0; : : : R8 and 
ertain auxiliary fun
tions A0 : : : A14 generatedby them under 
omposition: this is not the shortest possible list, but one that 
onveniently extends the list,given in De�nition 1�6, that generates the �0 separators.R0(x; y) = fx; ygA0(x) = fxg [= R0(x; x)℄A1(x; y) = (x; y)2 [= R0(A0(x); R0(x; y))℄A2(x; y; z) = fx; (y; z)2gA3(x; y; z) = (x; y; z)3 [= A1(x;A1(y; z))℄R1(x; y) = x n yA4(x; y) = x \ y [= x n (x n y)℄A5(x) = ? [= x n x℄A6(x) = x [= x n?℄R2(x) = SxR3(x) = Dom (x)R4(x; y) = x� yR5(x) = x \ f(a; b)2 ja;b a 2 bgA7(x) = eps�x [= R5(S x� x)℄R6(x) = f(b; a; 
)3 ja;b;
 (a; b; 
)3 2 xgR7(x) = f(b; 
; a)3 ja;b;
 (a; b; 
)3 2 xgA8(x) = f(a; 
; b)3 ja;b;
 (a; b; 
)3 2 xg [= R6(R7(R7(x)))℄A9(x) = x�1 [= Dom (f(a; 
; b)3 ja;b;
 (a; b; 
)3 2 f?g � xg) = R3(A8(R4(A0(A5(x)); x)))℄A10(x) = Im (x) [= Dom (x�1)℄A11(x; y) = eps \ (x� y) [= R5(x� y)℄A12(x; y) = fw jw x 2 w 2 yg [= Dom (A11(fxg � y))℄A13(x; y) = id \ (x� y)A14(x; y) = x\fyg [= Dom ((x \ ([SSx℄� fyg))�1)℄R8(x; y) = fx\fwg jw w 2 ygSeparators and basi
 fun
tions1�10 DEFINITION Let B, the 
lass of basi
 fun
tions, be the 
losure of R0 : : : R7 under 
omposition.1�11 PROPOSITION For ea
h _�0 
lass A the map x 7! x \ A is in B.A proof will be found in Appendix Two.3 v 2009 : : : : : : : : : : : : : : : : Rudimentary re
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Companions for rudimentary fun
tions1�12 DEFINITION Let R be the 
losure of R0 : : : R8 under 
omposition. R is the 
lass of rudimentaryfun
tions.The 
olle
tion of fun
tions in R is 
losed under formation of images: by whi
h is meant that if F is inR so is x 7! F\x. To prove this we introdu
e the notion of a 
ompanion|we will a
tually have two su
hnotions|and establish the Gandy{Jensen Lemma.Let S be some system of set theory extending DB0, and let G and F be �0 
lasses su
h that S provesthat both G and F are total fun
tions.DEFINITION G is a 1-
ompanion of F in S if G is S-suitable and`S ~x 2 ~u =) F (~x) #2 G(~u)DEFINITION H is a 2-
ompanion of F in S if H is S-suitable and`S ~x 2 ~u =) F (~x) #� H(~u)where ~x 2 ~u abbreviates x1 2 u1 & : : : xn 2 un for an appropriate n.1�13 PROPOSITION If G1 is a 1-
ompanion of G in S and H1 is a 1-
ompanion of H in S, then G1 ÆH1 is a1-
ompanion of G ÆH in S.The fun
tion F\, if available in S, is the best 1-
ompanion of F in S, and in favourable 
ases separatorsmay be used to redu
e a given 1-
ompanion F 1 of F to that one, sin
e`S F\a = F 1(a) \ fy j 9x :2a y = F (x)gso that if F is given by an S-suitable term,`S y = F (x)() 8w :2y w 2 F (x) & 8w :2F (x) w 2 y1�14 PROPOSITION Ea
h of the fun
tions R0; : : : ; R7 and A14 has a 2-
ompanion in DB.Proof :R0: a 2 x& b 2 y =) fa; bg � x [ y = Sfx; yg.R1: a 2 x& b 2 y =) a n b � a � Sx.R2: a 2 x =) S a � SSx.R3: a 2 x =) Dom (a) � SSx.R4: a 2 x& b 2 y =) a� b � Sx�S y.R5: t 2 x =) t \ f(a; b)2 j a 2 bg � t � Sx.R6: t 2 x =) f(b; a; 
)3 j (a; b; 
)3 2 tg � Im (Dom (S x))� (Im (S x)�Dom (Dom (S x)));[by reasoning similar to that given below for R7.℄R7: t 2 x =) f(b; 
; a)3 j (a; b; 
)3 2 tg � Im (Dom (S x))� (Dom (Dom (S x))� Im (S x)).To see this, note that f(b; 
; a)3 j (a; b; 
)3 2 tg � Im (Dom (t)) � (Dom (Dom (t)) � Im (t)), and applythese prin
iples: t 2 x =) t � Sx; t � s =) Dom (t) � Dom (s); t � s =) Im (t) � Im (s); andt � s& v � u =) t� v � s� u.A14: a 2 x & b 2 y =) a\fbg � Im (S x): a1�15 REMARK The above 2-
ompanions are generated by four fun
tions, namely, Im , Dom , S and �. We
an get that down to two, S and �, by using the above prin
iples. For u transitive, a single generator, thefun
tion u 7! u? =df u [ [u℄62 [ (u� u) is enough.1�16 PROPOSITION If F has a 1-
ompanion F 1 then SF 1 is a 2-
ompanion of F .1�17 PROPOSITION If G has a 2-
ompanion G2 and H has a 1-
ompanionH1, then G2ÆH1 is a 2-
ompanionof G ÆH.3 v 2009 : : : : : : : : : : : : : : : : Rudimentary re
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The Gandy{Jensen LemmaThe Gandy{Jensen Lemma is the 
ore of the proof that R is 
losed under formation of images. Versionsof it are to be found in the papers of Gandy [G℄ and Jensen [J2℄. We dis
uss it only for 1-ary fun
tions. Theextension to n-ary fun
tions poses no problems.1�18 THE GANDY{JENSEN LEMMA Let S be a system extending DB0. Suppose that H is a 2-
ompanionof F in S, and that `a 2 F (b)' is �S0 . Then F is generated by 
omposition from H and members of B, andso is S-suitable; if in addition S extends GJ, then `S F\x 2 V and F\ (as a fun
tion) is generated by H andmembers of R and (as a term) is S-suitable and is a 1-
ompanion of F in S.Proof : We have `S x 2 u =) F (x) � H(u):Working in S, form h(u) =df �H(u)� u� \ f(a; b)2 ja;b b 2 u & a 2 F (b)g:Sin
e \a 2 F (b)" is �S0 and for ea
h �0 A, the fun
tion x 7! x \ A is in B and is DB-suitable, we havethat h is S-suitable, and is generated by H and fun
tions in B.Now note that for b 2 u, F (b) = h(u)\fbg = A14(h(u); b), so F is built from H and fun
tions in B;if R8 is available in the system S, we may argue further that F\u = R8(h(u); u) so F\ is built from Hand rudimentary fun
tions, and is thus S-suitable; hen
e `S F\u 2 V , and this fun
tion F\ now forms a1-
ompanion of F in S. a1�19 PROPOSITION R8 has a 2-
ompanion in GJ.Proof : By the Gandy{Jensen lemma, A14\ is GJ-suitable, and soa 2 x & b 2 y =) R8(a; b) = fA14(a;w) j w 2 bg = A14\(fag � b) � A14\(x�[ y): a (1�19)1�20 COROLLARY R8 has a 1-
ompanion in GJ.Proof : by the Gandy{Jensen Lemma. a (1�20)1�21 THEOREM R is 
losed under formation of images and of unions of images.Proof : We have seen that ea
h of R0; : : : R8 has a 1-
ompanion in GJ; the 
lass of fun
tions possessinga 1-
ompanion is 
losed under 
omposition, and hen
e ea
h fun
tion in R has a 1-
ompanion in GJ; butif G is a 1-
ompanion of F then u 7! S(G(u)) is a 2-
ompanion of F . Hen
e ea
h fun
tion F in R hasa 2-
ompanion in GJ; ea
h su
h fun
tion is GJ-suitable, Proposition 1�5 proving the survival of suitabilityunder 
omposition, and so by the Gandy{Jensen lemma, F\ is in R; 
omposition with S yields the last
lause. a1�22 REMARK Gandy shows in [G℄ that these three are equivalent: (i) F is rudimentary; (ii) \a 2 F (b)" is�0 and F has a 1-
ompanion in GJ; (iii) \a 2 F (b)" is �0 and F has a 2-
ompanion in GJ.1�23 REMARK Gandy in [G℄ and Jensen in [J2℄ supply other 
hara
terisations ofR and other axiomatisationsof GJ.Rudimentary re
ursion on the ordinals1�24 REMARK For G(p; f) a binary rudimentary fun
tion, de�ne G0(p; f) = G(p; f) \ fz j Dom f 2 Ong.Then G0 is rudimentary, by Proposition 1�11; and if for a set p we re
ursively de�ne F (x) = G0(p; F � x),then F is p-rudimentarily re
ursive andF (x) = �G(p; F �x) if x 2 On? otherwise.3 v 2009 : : : : : : : : : : : : : : : : Rudimentary re
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2: A single generating fun
tion for rud(u)In developing further properties of the 
lass of rudimentary fun
tions we shall use the fun
tion T introdu
edin De�nition 2�73 of Weak Systems.The fun
tion T T(u) =df u [ fug2�0 DEFINITION [ [u℄1 [ [u℄2[ fxr y jx;y x; y 2 ug[ �Sx ��x x 2 u	[ �Dom (x) ��x x 2 u	[ fu \ (x� y) jx;y x; y 2 ug[ �x \ f(a; b)2 ja;b a 2 bg ��x x 2 u	[ �u \ f(b; a; 
)3 ja;b;
 (a; b; 
)3 2 xg ��x x 2 ug[ �u \ f(b; 
; a)3 ja;b;
 (a; b; 
)3 2 xg ��x x 2 ug[ �x\fwg ��x;w x 2 u;w 2 u	[ nu \ �x\fwg ��w w 2 y	 ���x;y x; y 2 uo:2�1 REMARK The su

essive lines of the de�nition of T, after the �rst, may be written more prosai
ally asR0\(u�u), R1\(u�u), R2\u, R3\u, fu\R4(x; y) jx;y x; y 2 ug, R5\u, fu\R6(x) jx x 2 ug, fu\R7(x) jx x 2ug, A14\(u�u) and fu\R8(x; y) jx;y x; y 2 ug. It will be notationally 
onvenient to treat all these fun
tionsas having three variables, so let us de�ne Si(u;x; y) := Ri(x; y) for i = 0; 1; Si(u;x; y) := Ri(x) for i = 2; 3; 5;Si(u;x; y) := u \Ri(x; y) for i = 4; 8; Si(u;x; y) := u \Ri(x) for i = 6; 7; and S9(u;x; y) := A14(x; y). Thenea
h of those lines now takes the form Si\(fug � (u� u)) for some i.We have proved the �rst 
lause of the following, and the others are easy.2�2 PROPOSITION T is rudimentary, u � T(u) and u 2 T(u). Further, if u is transitive, then T(u) is a setof subsets of u, and hen
e T(u) is transitive.2�3 REMARK It will not in general be true that u � v =) T(u) � T(v), the problem being that u 2 T(u),but if v is 
ountably in�nite, so is T(v) whi
h therefore 
annot 
ontain all the subsets of v. Fortunately,u � T(u) � T2(u) : : :2�4 LEMMA If x and y are in u, then R0(x; y), R1(x; y), R2(x), R3(x), and R5(x) are all in T(u).In the next �ve results, it is supposed that u is transitive.2�5 LEMMA For x, y in u, R4(x; y) = x� y � u� u � T2(u).2�6 COROLLARY For x, y in u, R4(x; y) 2 T3(u).2�7 LEMMA For a, b, 
 in u, (a; 
)2 2 T2(u) and (b; a; 
)3 2 T4(u).2�8 COROLLARY For x 2 u, R6(x) and R7(x) are in T5(u).2�9 LEMMA For x, y 2 u, R8(x; y) 2 T2(u).Proof : For x, w in u, x\w 2 T(u), so R8(x; y) = T(u) \ fx\w jw w 2 yg; x; y 2 T(u), so R8(x; y) 2 T2(u).a (2�9)Those remarks, whi
h were proved in Weak Systems, though regrettably without the requirement thatu be transitive being 
learly stated, and of whi
h more general forms will be proved below, immediatelyyield:2�10 PROPOSITION If F (~x) is a rudimentary fun
tion of several variables, there is an ` 2 ! su
h that for alltransitive u, if ea
h argument in ~x is in u, then F (~x) 2 T`(u).3 v 2009 : : : : : : : : : : : : : : : : Rudimentary re
ursion and provident sets : : : : : : : : : : : : : : : : rudre
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Proof : The stated property holds of the nine generating fun
tions and is preserved under 
omposition.a (2�10)REMARK That result may be interpreted as quantifying over programs for rud fun
tions, andthus regarded as a single theorem, not a s
heme.2�11 COROLLARY (Gandy; Jensen) If F is rudimentary, then there is a �nite ` su
h that the rank of thevalue is at most the maximum of the ranks of the arguments, plus `.Proof : the fun
tion T in
reases rank by exa
tly 1. a (2�11)2�12 COROLLARY For any transitive u, S n2!Tn(u) is the rudimentary 
losure of u [ fug and models TCo.The intransitive 
aseThe fun
tion T works very happily for transitive argument, but for intransitive argument it starts to
reate non-trivial problems. The aim, in the two 
ases, is not quite the same. The purpose of T is to pro
eedby rud steps from any transitive set u to rud(u), whi
h will be of stri
tly greater rank; with an intransitiveargument of limit rank, our �rst 
on
ern would be to fatten it to a transitive rud 
losed set, without raisingrank. Here are two ways of doing so.We introdu
e two fun
tions, trud and krud.2�13 DEFINITION trud(u) =df SfF (~x) j F rud & ~x 2 ug.That is a legitimate de�nition be
ause we are quantifying over programs for rud fun
tions; the axiomof in�nity is at work here. Here ~x denotes a �nite sequen
e of arguments of F , and we follow Devlin's
onvention that ~x 2 u means that ea
h argument is in u; if we wanted to say that the sequen
e is in u wewould write h~xi 2 u.2�14 PROPOSITION For any set u, trud(u) is transitive, rud 
losed and in
ludes u; and if A is transitive, rud
losed and in
ludes u, then trud(u) � A. The rank of trud(u) will be the least limit ordinal greater than orequal to the rank of u.Proof : If a 2 b 2 F (~x), then a 2 SF (~x) � trud(u), S ÆF being rud; and so trud(u) is transitive.If G(�; �) is rud, b1 2 F1(~x), b2 2 F2(~y), then G(b1; b2) 2 G\H(~x; ~y) for some rud H; G\ ÆH is rud, andso G(b1; b2) 2 trud(u). Similarly for fun
tions of a di�erent number of variables.If a 2 u then a 2 fag � trud(u).If ~x 2 u then ~x 2 A as A in
ludes u; then F (~x) 2 A, A being rud 
losed; so F (~x) � A, as A is transitive.Thus trud(u) � A. a (2�14)The de�nition of trud 
an be given re
ursively.2�15 DEFINITION K (u) = u [Su [ fRi(x; y; z) j 0 6 i 6 8 & x; y; z 2 u [Sug.That de�nition is intended for use even when u is intransitive. Note that K is rudimentary, and that ithas the agreeable property that u � v =) K (u) � K (v).2�16 DEFINITION K 0(u) = u; K n+1(u) = K (K n(u)); krud(u) = Sn2! K n(u):2�17 PROPOSITION For any u, krud(u) = trud(u).Proof : plainly krud(u) in
ludes u, is transitive and is rud 
losed; so trud(u) � krud(u).If u � A where A is transitive, rud 
losed and in
ludes u then one veri�es by an easy indu
tion thatea
h K n(u) � A. Hen
e krud(u) � trud(u). a (2�17)2�18 REMARK K has the property that for any rud fun
tion R there is a d su
h that K d is a 1-
ompanionof R.Gandy reprovedThere are some errors in Gandy's paper Set theoreti
 fun
tions whi
h may have resulted from Gandyen
ountering similar diÆ
ulties to those 
reated by \the intransitive 
ase".The �rst su
h mistake is in his Lemma 1.5.3. on page 111. Start from his de�nition 1.5.2: he uses abold-fa
e x to denote the (meta) �nite sequen
e x1; : : : xm: 
f the bottom of page 105. I am not sure thatthis usage is entirely unambiguous; I believe the letter m here to be a variable of the meta-language.3 v 2009 : : : : : : : : : : : : : : : : Rudimentary re
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Let us for simpli
ity take the 
ase m = 1, and write x for x1. Then the �rst part of his De�nition 1.5.2runs C
0fxg = fxg; C
q+1fxg = C
qfxg [ fC
qfxgg [ fFiuv : 1 6 i 6 9 & u; v 2 C
qfxgg:I believe that the letter q here is a variable of the language of dis
ourse.2�19 PROPOSITION For any q 2 ! and any x, C
qfxg is a �nite set.Proof : by indu
tion on q. Indeed, for a given x, let nq be the number of elements in C
qfxg. Then n0 = 1;nq+1 6 nq + 1 + 9 � nq2. a (2�19)2�20 Thus the se
ond statement of part (ii) of his Lemma 1.5.3 is false: if x is a
tually an in�nite set, it
annot be a subset of any C
qfxg.Gandy de�nes C
fxg as Sq2! C
qfxg; whi
h will be a 
ountable in�nite set; so if x is un
ountable, it
annot be a subset of C
fxg, even if it is transitive.Gandy's Lemma 1.5.4 is false; step (C) in the proof he gives is false. Theorem 1.5.5 is half true: the\only if" is false, the proof using the false Lemma 1.5.4. Theorem 1.5.6 is false: B
fxg is always transitivebut C
fxg need not be. On page 113 the fa
tor 9 is mysteriously omitted from equation (2).He goes on to state, in [G, pp. 113{4℄, two interesting and 
orre
t results, given below as Propositions2�23 and 2�25, of whi
h his own proofs are 
awed by the above mistakes.2�21 LEMMA If u is a �nite transitive set with u = `, then T(u) 6 12 (2 + 13`+ 9`2).Proof : by inspe
tion. a (2�21)2�22 DEFINITION (Gandy) �(x) =df the 
ardinal of the transitive 
losure of x.2�23 PROPOSITION (Gandy) If F is rud, then there is a k su
h that �(F (~x)) is less than (�(f~xg) + 1)k.Here f~xg for many variables means the set of them.Proof : we know that there is an ` su
h that for u transitive and the arguments of F in u, F (~x) 2 T`(u). Foru transitive, T(u) is transitive, and iterating the previous estimate, we �nd that there is a polynomial Q(X)of degree 2`, (for example 132`�1X2`) su
h that x 2 u implies that �(F (~x)) is at most Q(u+ 1). a (2�23)2�24 REMARK We may now justify our earlier remark that there is no pure rud re
ursion for S(x) for x anarbitrary set. If we look at S(x) for x 2 HF , we see that S(Vn) = Vn+1; if S(x) were pure rud re
, given byG, we would have G(S �Vn) = Vn+1:But if Vn = N , Vn+1 = 2N , whereast
l(S �Vn) � f(S(x); x) j x 2 Vng [ ffS(x)g j x 2 Vng [ ffS(x); xg j x 2 Vng [ fS(x) j x 2 Vng [ Vnwhi
h has 
ardinality at most 5N ; but for ea
h k, (5N)k will be mu
h less than 2N for large N . a (2�24)Gandy remarks on page 114 that there is a primitive re
ursive fun
tion whi
h returns the value ! givenany argument of in�nite rank. Indeed the example he gives is rud re
: de�neF (x) = ! \[�F (y) [ fF (y)g ��y y 2 x	;whi
h is rud re
 as interse
tion with ! is given by a �0 separator; and show �rst that if x 2 HF, thenF (x) = %(x).He then states as his Theorem 2.1.3 the following:2�25 PROPOSITION (Gandy) There is a set 
 of in�nite rank su
h that for no rud fun
tion G is G(
) = !.His proof of that is invalidated by his use of the false Theorem 1.5.6. The result though is interestingand is 
orre
t, sin
e it is possible to build a transitive model of Z not 
ontaining ! but 
ontaining sets ofin�nite rank. Su
h models are automati
ally rud 
losed, and absolute for rud fun
tions. These 
onstru
tionsmake heavy use of the power set axiom, and a

ordingly we pla
e the details in a separate paper, [M5℄.3 v 2009 : : : : : : : : : : : : : : : : Rudimentary re
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3: The 
lass of pure rud re
 fun
tions3�0 By type I or pure rudimentary re
ursion we mean those given by a re
ursion equation of the formF (x) = G(F �x)where G is a pure rud fun
tion with no hidden parameters.3�1 PROPOSITION Every (unary) rud fun
tion is rud re
.Proof : If F (�) is unary and rud, let G(f) =df F (Dom (f)); then G is rud and 8x F (x) = G(F �x). Otherrud fun
tions 
an be transformed to unary fun
tions by using the pairing and un-pairing fun
tions, whi
hare rudimentary. a (3�1)3�2 PROPOSITION If F1 and F2 are rud re
, so is x 7! (F1(x); F2(x))2.Proof : Let K(x) = �F1(x); F2(x)�2. Then K(x) = �G1(F1 �x); G2(F2 �x)�2:K �x = f�(F1(a); F2(a))2; a�2 ja a 2 xg.There are rud G3 and G4 su
h that G3(K �x) = F1 �x and G4(K �x) = F2 �x. SoK(x) = �G1(G3(K �x)); G2(G4(K �x))�2 = G5(K �x)where G5(z) =df �G1(G3(z)); G2(G4(z))�2. G5 is rudimentary. a (3�2)3�3 PROPOSITION Let G1 and G2 be rudimentary, and suppose that F1 and F2 are de�ned by the simulta-neous re
ursion F1(x) = G1(F2 �x); F2(x) = G2(F1 �x):Then both F1 and F2 are proje
tions of a rud re
 fun
tion.Proof : Let K(x) = �F1(x); F2(x)�2. Then K(x) = (G1(F2 �x); G2(F1 �x))2:K �x = f�(F1(a); F2(a))2; a�2 ja a 2 xg.There are rud G3 and G4 su
h that G3(K �x) = F1 �x and G4(K �x) = F2 �x. SoK(x) = �G1(G4(K �x)); G2(G3(K �x))�2 = G6(K �x)where G6(z) =df �G1(G4(z)); G2(G3(z))�2. G6 is rudimentary. a (3�3)3�4 PROPOSITION If F is rud re
, so is x 7! F �x.Proof : Let F be given by G, and let H(x) = F �x. ThenH(x) = F �x= f(F (a); a)2 ja a 2 xg= f�G(F �a); a�2 ja a 2 xg= f�G(H(a)); a�2 ja a 2 xg= G2(H �x)where, setting G1 to be the rud fun
tion x 7! �G(left(x)); right(x)�2, we take G2(x) =df G1\x. a (3�4)3�5 COROLLARY Thus F\, being equal to Im Æ (F �), is rud of rud re
.3�6 REMARK Here is a 
ase when \rud of rud re
" is rud re
. Let F (x) = G1(F �x) and H(x) = G2(F (x))where G1 and G2 are rud. Suppose that there is a rud fun
tion G3 su
h that for all x, G3(G2(x)) = x.Then there is a rud G4 su
h that F � x = G4(H � x), sin
e H � x = f�G2(F (y)); y�2 jy y 2 xg andF �x = f(F (y); y)2 jy y 2 xg. So H(x) = G2(G1(G4(H �x)));and is thus rud re
.That argument will also work when the hypothesis on G3 only holds for 
ertain x.3�7 EXAMPLE Let F (x) = t
l(x), whi
h we know to be rud re
ursive: F (x) = G(F �x). Here F (x) is alwaysa transitive set; for u transitive, ST(u) = u. So if we set H(x) = T(t
l(x)), the above argument will showthat H is rud re
.3 v 2009 : : : : : : : : : : : : : : : : Rudimentary re
ursion and provident sets : : : : : : : : : : : : : : : : rudre
41 Page 12



Re
ursion on related relations3�8 PROPOSITION Let F be de�ned by F (x) = G(x; F � t
l(x)), where G is rudimentary. De�ne H byH(x) = F �t
l(fxg). Then H is rud re
 and therefore F is rud rud re
.Proof : F �t
l(x) = Sy2xH(y), soH(x) = f(F (x); x)2g [ [y2xH(y)= f�G(x; [y2xH(y)); x�2g [ [y2xH(y)= G1(H �x)where G1(h) = f�G(Dom (h);S Im (h));Dom (h)�2g[S Im (h), so that G1 is rudimentary and H is rud re
.Then F (x) = [H(x)℄(x), the evaluation of H(x) at argument x, and is thus a trivial rud fun
tion of x andH(x). a (3�8)3�9 COROLLARY Fun
tions de�ned by re
ursions of the form F (x) = G(x; F �SSx) are thus rud of rudre
.3�10 REMARK Re
ursions of that kind o

ur in the de�nition of for
ing.3�11 REMARK Let a = t
l(fxg); then S a = t
l(x), fxg = arS a and x = S(arS a).3�12 PROPOSITION If 8xF (x) = G(F �x) with G rud there is a rud G1(�; �) su
h that8xF (x) = G1(x; F �t
l(x)):Proof : Take G1(x; f) = G(f �x). a (3�12)3�13 COROLLARY If F is rud re
, and we put H(x) = F �t
l(fxg), then H is rud re
.Proof : By 3�8 and 3�12.An illusory re
ursionJust to warn the reader:3�14 PROPOSITION There are rud fun
tions G and H su
h that for any fun
tion F , F (x) = G(F �H(x)).Rud re
 of rud is rud of rud re
3�15 LEMMA Let F be rud re
, given by F (x) = G(F �x) where G is rud. Then there is a rud fun
tion Hobtainable uniformly from G su
h that for every transitive u, F �T(u) = H(F �u), F �T2(u) = H2(F �u),and more generally for ea
h positive `, F �T`(u) = H`(F �u).Proof : For transitive u, T(u) is a 
olle
tion of subsets of u, so for x 2 T(u), F � x = (F � u) � x. Let�(f; x) = (G(f �x); x)2. Then � is rud, andF �T(u) = f�(F �u; x) jx x 2 T(u)g = H(F �u)where H is rud.Then F �T2(u) = H(F �T(u)) = H2(F �u), and an indu
tion will now apply. a (3�15)3�16 LEMMA For i = 1, 2, Let Fi be rud of rud re
. Then the fun
tion x 7! �F1(x); F2(x)�2 is rud of rudre
.Proof : let Fi(x) = Ri(Hi(x)) where Ri is rud and Hi is rud re
. By Proposition 3�2, x 7! �H1(x); H2(x)�2is rud re
, and (a; b) 7! �R1(a); R2(b)�2 is rudimentary. a (3�16)3 v 2009 : : : : : : : : : : : : : : : : Rudimentary re
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3�17 PROPOSITION Let F1 be rud re
, given by G1 and let F2 be rud. Then the fun
tion x 7! F1(F2(x)) isrud of rud re
.Proof : Fix ` < ! su
h that for all x, F2(x) 2 T`(t
l(fxg)). Su
h ` exists by Proposition 2�12. Then thereare rud fun
tions G3 and H su
h thatF1(F2(x)) = G1(F1 �F2(x))= G3(x; F1 �T`(t
l(fxg)); F2(x))= G3(x;H`(F1 �t
l(fxg)); F2(x)) by Lemma 3�13whi
h is rud of rud re
, by Corollary 3�13 and by hypothesis. a (3�17)Rud of rud re
 is proje
tion of rud re
3�18 PROPOSITION Let E(x) = H(F (x)) where F is rud re
, given by G1 and H is rud. Let K(x) =(E(x); F (x)). Then K is rud re
, and E(x) = left((K(x))).Proof : Let G2 be a rud fun
tion su
h that G2(K �x) = F �x: as K �x = f�(E(a); F (a))2; a�2 j a 2 xg, su
hG2 exists.As K(x) = �H(G1(F �x)); G1(F �x)�2, we have K(x) = G3(K �x), whereG3(f) =df �H(G1(G2(f))); G1(G2(f))�2: a (3�18)4: Rudimentary re
ursion from parameters4�0 We have de�ned fun
tions of type I, or pure rud re
 fun
tions to be those given by a re
ursion equationof the form F (x) = G(F �x)where G is a pure rud fun
tion with no hidden parameters.4�1 For re
ursions involving parameters, the following de�nition seems the most satisfa
tory, whi
h we 
alltype II. F (x) = G(p; F �x)Here G is a pure rud fun
tion of two variables and p is some set. We shall 
all su
h an F p-rud re
 or afun
tion of Type II.4�2 REMARK An earlier formulation was the following, whi
h we 
all type II':F (x) = � a if x = ?;G(F �x) if x 6= ?.Here G is a pure rud fun
tion of one variable, and a is some set.For example, the fun
tion � 7! ! + � is of type II'.Every fun
tion of type II' is expressible in form II. But the proof of the important Proposition 3�4, thatif F is rud re
, so is x 7! F � x, appears not to adapt to type II', but does adapt to type II. Therefore wefavour type II. Proposition 4�10 will say that if F is p-rud re
, so is x 7! F �x.4�3 REMARK Type II will underlie our dis
ussion of rudimentary for
ing, with the poset P of 
onditions asan ever-present parameter.REMARK The �rst Jensen fragment after J1 that is 
losed under fun
tions of Type II' is J!, as given Jk we
ould set f(0) = Jk; f(n+ 1) = T(f(n)); f(�) = S f\�, and then f(!) = Jk+1.4�4 Finally we turn the parameter ba
k into a variable by 
onsidering re
ursion equations of the followingform, whi
h we shall 
all type III, though in this paper we shall say little about them.3 v 2009 : : : : : : : : : : : : : : : : Rudimentary re
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F (v; x) = G(v; F �(fvg � x)):4�5 REMARK The re
ursion here is on the se
ond variable, in harmony with the form of the de�nition ofordinal addition as given in Example 0�12.4�6 PROPOSITION For ea
h �xed v the map x 7! F (v; x) is rud re
ursive of type II, in the parameter v.Proof : Let E(x) = F (v; x). Then E �x = f(F (v; b); b)2 jb b 2 xg whereasF �(fvg � x) = f�F (v; b); (v; b)2�2 jb b 2 xg= f�E(b); (v; b)2�2 jb b 2 xg= H(v;E �x)for a 
ertain rud fun
tion H; so E(x) = G(v;H(v;E �x)) = G1(v;E �x), for some rud fun
tion G1. a (4�6)4�7 REMARK x seems to be rud re
overable from F �(fvg� x) as the domain of its domain. So at present Ithink nothing of substan
e is to be gained by 
onsidering equations of the formF (v; x) = H(v; x; F �(fvg � x)):4�8 REMARK A di�eren
e between Type II and Type III is that, as shown by Proposition 5�44, the Jhierar
hy after a good start for a type II re
ursion will 
ontinue to support that re
ursion at every stepthereafter, but only supports type III re
ursions at inde
omposable stages.Some 
losure properties4�9 PROPOSITION If F is p-rud-re
, so is x 7! F �x.Proof : Suppose that for all x, F (x) = G(p; F �x), where G is rud, and let H(x) = F �x. ThenH(x) = F �x= f(F (a); a)2 ja a 2 xg= f(G(p; F �a); a)2 ja a 2 xg= f(G(p;H(a)); a)2 ja a 2 xg= G4(p;H �x)where G4(y; f) = f(G(y; d); a)2 jd;a (d; a) 2 fg; G4 is G3\ for some rud G3. a4�10 PROPOSITION Let F be rud re
, given by F (x) = G(p; F � x) where G is rud. Then there is a rudfun
tion H obtainable uniformly from G su
h that for every transitive u, F �T(u) = H(p; F �u);Proof : For transitive u, T(u) is a 
olle
tion of subsets of u, so for x 2 T(u), F �x = (F �u) �x. This timelet �(z; f; x) = (G(z; f �x); x). Then � is rud, andF �T(u) = f�(p; F �u; x) jx x 2 T(u)g = H(p; F �u)where H is again rud. aThe iteration is not so 
onvenient as in the pure 
ase, sin
e F �T2(u) = H(p;H(p; F �u)); so it is betterto put it this way:4�11 PROPOSITION There is a rudimentary K su
h that(p; F �T(u))2 = K(p; F �u); (p; F �T2(u))2 = K2(p; F �u);and more generally for ea
h positive `, (p; F �T`(u))2 = K`(p; F �u):3 v 2009 : : : : : : : : : : : : : : : : Rudimentary re
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5: Provident sets5�0 DEFINITION A set A is p-provident, where p is a set, if it is non-empty, transitive, 
losed under pairingand for all p-rud re
 F and all x in A, F (x) 2 A.5�1 REMARK If A is p-provident, p 2 A.5�2 EXAMPLE We shall see that the Jensen fragment J� is ?-provident for all � > 1.5�3 DEFINITION A is provident if it is p-provident for every p 2 A.5�4 REMARK The only provident set not 
ontaining an in�nite set is HF.5�5 REMARK For provident sets, it is unne
essary to demand that they be 
losed under pairing, for if x 2 A,the fun
tion y 7! fx; yg is x-rud re
, being given by the re
ursion F (y) = fx;DomF � yg: But the unionof two sets ea
h 
losed under ?-rud re
 fun
tions might not be 
losed under pairing, though as rud re
fun
tions are unary, that union would be 
losed under ?-rud re
 fun
tions: for example, let a and b bemutually Cohen-generi
 subsets of ! and 
onsider the model J2(a) [ J2(b).A typi
al provident set is J!� (a) provided !� is greater than the rank of the transitive set a. But itproves desirable to alter the 
ustomary de�nition of L(a) mentioned in Example 0�6.Bounding rudimentary fun
tions in a �nite progress5�6 DEFINITION Let � be an ordinal. A �-progress is a sequen
e hP� j � 6 �i of transitive sets su
h that forea
h � < �, T(P�) � P�+1 and for ea
h limit ordinal � 6 �, S�<� P� � P�; the progress is stri
t if for ea
h� < �, P�+1 � P(P�); and 
ontinuous if for ea
h limit � 6 �, P� = S�<� P� .5�7 PROPOSITION If the progress is stri
t and 
ontinuous then for ea
h � 6 �, %(P�) = %(P0) + �:Proof : for transitive u, %(T(u)) = %(u) + 1 = %(P(u)). a (5�7)5�8 THEOREM Let R be a rudimentary fun
tion of n variables. There is a 
R 2 ! su
h that for every
R-progress P0; P1; : : : ; P
R , R\Pn0 � P
R .5�9 DEFINITION We 
all 
R the rudimentary 
onstant of R.5�10 REMARK More pre
isely, there is a re
ursive fun
tion sending a program for R to a bound; but thefun
tion sending a program for R to the minimal bound is not re
ursive.We prove the theorem in a series of lemmata.5�11 LEMMA If x and y are in P� then fx; yg 2 P�+1, xr y 2 P�+1, Sx 2 P�+1 and Dom (x) 2 P�+1.Proof : Immediate from lines 2, 3, 4 and 5 of the de�nition of T. a (5�11)5�12 LEMMA x; y 2 P� =) x� y 2 P�+3.Proof : If x and y are in P� then both fxg and fx; yg are in P�+1; so ffxg; fx; ygg are in P�+2; P� beingtransitive, we may infer that if a 2 x and b 2 x, then (a; b)2 is in P�+2; thus x � y � P�+2, whi
h, sin
eP� � P�+2, implies that x� y 2 P�+3. a (5�12)5�13 LEMMA x; y 2 P� =) R5(x; y) 2 P�+1.5�14 LEMMA a; b; 
 2 P� =) [(a; 
)2 2 P�+2 & (b; a; 
)3 2 P�+4℄.5�15 LEMMA x 2 P� =) R6(x) 2 P�+5.5�16 LEMMA x 2 P� =) R7(x) 2 P�+5.5�17 LEMMA x;w 2 P� =) x\fwg 2 P�+1.5�18 LEMMA x; y 2 P� =) R8(x; y) 2 P�+2.Proof of Theorem 5�8: The lemmata show that for i = 0; : : : 8, we may take 
Ri to be 1, 1, 1, 1, 3, 1, 5,5, 2 respe
tively. The theorem now follows by remarking that if S and Ti are rudimentary and for all x,Q(~x) = S(T0(~x); : : : ; Tk(~x)), we may take 
Q = 
S +maxi 
Ti . a (5�8)5�19 COROLLARY If hP� j � 6 �i is a �-progress, then at ea
h limit ordinal � 6 �, S �<�P� is rud 
losed.3 v 2009 : : : : : : : : : : : : : : : : Rudimentary re
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_�0 separators5�20 REMARK If ' is _�0 the fun
tion a 7! a\fx j j=0 '(x; b)g is basi
; in this 
ase we speak of the separationaldelay. Here j=0 is the truth de�nition for _�0 w�s dis
ussed in paragraph 5�7 of [M2℄ and in Appendix Three.The 
anoni
al progress towards a given transitive set5�21 Let 
 be a transitive set. Let 
� = 
 \ fx j %(x) < �g. Sin
e 
 is transitive, 
�+1 will be a set of subsetsof 
� ; in fa
t 
�+1 = 
 \ fx j x � 
�g; we shall use this as a dire
t re
ursive de�nition below.If 
�+1 = 
� , then 
� = 
 and for all � > �, 
� = 
� ; so that that �rst happens when � = %(
).Using 
 as a parameter we de�ne a sequen
e of pairs ((
� ; P 
� ))� by a rud re
ursion on �. Ea
h P 
� willbe of rank �; we shall use the fun
tion T, but we shall also \feed" stages of 
 into the pro
ess.The sequen
e (P 
� )� forms a stri
t 
ontinuous progress; su
h is the importan
e of this de�nition in thesequel that we shall 
all this the 
anoni
al progress towards, to, or through 
, the 
hoi
e of prepositiondepending on the length of the sequen
e as 
ompared to the rank of 
.5�22 DEFINITION
0 = ? 
�+1 = 
 \ fx j x � 
�g 
� = S�<�
�P 
0 = ? P 
�+1 = T(P 
� ) [ f
�g [ 
�+1 P 
� = S�<�P 
�5�23 LEMMA Ea
h P 
� is transitive. P 
� � P 
�+1. P 
� 2 P 
�+1; and so for � < �, P 
� � P 
� and P 
� 2 P 
� .5�24 REMARK 
� = 
 \ P 
� ; %(P 
� ) = �.5�25 REMARK P 
� may be de�ned by a single rud re
ursion on ordinals:P 
0 = ?; P 
�+1 = T(P 
� ) [ f
 \ P 
� g [ (
 \ fx j x � P 
� g); P 
� = [�<�P 
� :With that de�nition, one should then verify by indu
tion that for ea
h �, 
 \ P 
� = 
 \ fx j %(x) < �g,and then
e that the two de�nitions agree.5�26 REMARK Ea
h P 
� is rud 
losed, for � a limit ordinal, by Theorem 5�7.5�27 REMARK P 
! = V!: for ea
h P 
n � Vn and so P 
! � V!; equality will follow from the fa
t that P 
! is anon-empty rud 
losed set, by the previous remark.Two important properties of p-rud re
 fun
tions.5�28 THE DEFINABILITY LEMMA Let F be p-rud re
ursive, given by G. Then \f is an F -attempt" is a �0predi
ate of p and f .Proof : The predi
ate is Fn(f) & SDom (f) � Dom (f) & 8x :2Dom(f) f(x) = G(p; f �x): a (5�28)Note Propositions 3�4 and 4�10, whi
h say that if F is rud re
, (in a parameter) , so is x 7! F �x (in thesame parameter).5�29 THE PROPAGATION LEMMA Let G be a binary rudimentary fun
tion. Then there is a ternary rudi-mentary fun
tion HG, obtainable uniformly from G, su
h that for any set p, if F be the p-rud re
 fun
tiongiven by the re
ursion F (x) = G(p; F �x), and if P+ and P be transitive sets with P � P+ � P(P ), thenF �P+ = HG(p; F �P; P+):Proof : If x 2 P+, then x � P , so F �x = (F �P )�x so F (x) = G(p; (F �P )�x). Hen
eF �P+ = f(G(p; (F �P )�x); x)2 jx x 2 P+g:We take HG(p; f; q) � f(G(p; f �x); x)2 jx x 2 qg. a (5�29)3 v 2009 : : : : : : : : : : : : : : : : Rudimentary re
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A new symbol5�30 DEFINITION F �� u =df fF �x j x 2 ug5�31 LEMMA Let F be rud re
, given by G. There is a rudimentary fun
tion G6 su
h that for every a,F �a = G6\(F �� a).Proof : F �a = f(F (b); b)2 j b 2 ag= f(G(F �b); b)2 j b 2 agTake G6(f) = (G(f);Dom (f))2. Then F �a = G6\fF �b j b 2 ag = G6\F �� a: a (5�31)5�32 LEMMA There is a rudimentary fun
tion G5 su
h that for any transitive u, F �� T(u) = G5(F �u).Proof : Note that x 2 T(u) =) x � u, so for su
h x, F �x = (F �u)�x; soF �� T(u) = f(F �u)�x j x 2 T(u)g:Let G5(f) = ff �x j x 2 T(Dom (f))g. a (5�32)5�33 REMARK F\u = G\F �� u, so if F �� u � v, then F\u � G\v.5�34 REMARK By Lemma 5�31, F �T(u) = G6\(F �� T(u))Bounding rudimentarily re
ursive fun
tions in a single 
anoni
al progress5�35 THEOREM Let F be p-rud re
, given by G. Then there exist sF and gF in ! su
h that for any transitive
 and any ordinal �0 with p 2 P 
�0 , any non-su

essor ordinal � and any k 2 !,(i) F �� P 
� � P 
�0+�; (ii) F �P 
�+k 2 P 
�0+�+sF+k�gF .Proof : For � = 0, (i) is trivially true as for any 
, F �� P 
0 = ?.Suppose that Part (i) is true for a given �, either 0 or a limit ordinal. We shall prove Part ii) for that� for all k.From (i) we know that F � P 
� � P 
�0+�. By Lemma 5�28, using the fa
t that P 
�0+� 2 P 
�0+�+1and Remark 5�20, there will be a separational delay sF , su
h that for any 
, �0 and limit � as above,F �P 
� 2 P 
�0+�+sF .We then use the Propagation Lemma 5�29, whi
h provides a rudimentary fun
tion HG su
h that forevery 
, � and k, F �P 
�+k+1 = HG(p; F �P 
�+k; P 
�+k+1); so if gF is the rudimentary 
onstant for HG, (whi
hwe shall now 
all the generational delay for F ), F �P 
�+1 will be a member of P 
�+sF+gF .Repeating the appli
ation of HG, we see that for ea
h �nite k,F �P 
�+k 2 P 
�+sF+k�gF :Remark now that if (ii) holds for a given � and 
 for all k then (i) holds for �+!. Finally, if � is a limitlimit ordinal, and property (i) holds for all smaller limits, then it holds at �. a (5�35)5�36 THEOREM Let � be inde
omposable and 
 a transitive set. Then P 
� is provident.Proof : Let p 2 P 
� ; 
hoose �0 < � with p 2 P 
�0 . Let F be p-rud re
. Then for ea
h limit � < �,F �� P 
� � P 
�0+� � P 
� . So F �� P 
� � P 
� , as required. a (5�36)5�37 PROPOSITION Let 
 be a transitive set and � an inde
omposable ordinal. ThenP 
� = P 
�� = [�<�P 
�� :Proof : If x 2 P 
� , then for some � < �, x 2 P 
� = P 
�� � P 
�� .Conversely, if � < �, 
� is in P 
� , whi
h we know to be provident, and the map � 7! P 
�� is given by a
�-rudimentary re
ursion, and so ea
h P 
�� , for � < �, is in P 
� ; thus P 
�� � P 
� . a (5�37)3 v 2009 : : : : : : : : : : : : : : : : Rudimentary re
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Fun
tions of uniformly aÆne delay5�38 DEFINITION We shall say that a unary (
lass) fun
tion F is of uniformly aÆne delay if there are aparameter p and natural numbers sF , gF su
h that for all transitive 
 
ontaining p, all non-su

essor ordinals� and all natural numbers k, F �P 
�+k 2 P 
%(p)+�+sF+kgF :Thus we have just proved that every p-rud re
 fun
tion is of uniformly aÆne delay.5�39 LEMMA For fun
tions f , (f; g)2 7! f Æ g is rudimentary.Proof : f Æ g = (Im f �Dom g) \ f(
; a)2 j 9b :2S 2g (b; a)2 2 g & (
; b)2 2 fg. a (5�39)5�40 DEFINITION Let 
Æ be the rudimentary 
onstant of the above binary fun
tion. a (5�40)5�41 THEOREM If F1 and F2 are both unary fun
tions of uniformly aÆne delay, so is their 
ompositionF2 Æ F1.Proof : Let F3 = F2 Æ F1 and for i = 1, 2, let pi, si and gi be the parameters and natural numbers as in thede�nition of uniformly aÆne delay.Let 
 be a transitive set of whi
h both p1 and p2 are members. Let � be any non-su

essor ordinal andk 2 !. Then F1 �P 
�+k 2 P 
%(p1)+�+s1+kg1and F2 �P 
%(p1)+�+s1+kg1 2 P 
%(p2)+%(p1)+�+s2+(s1+kg1)g2 ;but F3 �P 
�+k = �F2 �P 
%(p1)+�+s1+kg1� Æ �F1 �P 
�+k�so F3 �P 
�+k 2 P 
%(p2)+%(p1)+�+s2+(s1+kg1)g2+
Æ ;thus we shall have F3 �P 
�+k 2 P 
%(p3)+�+s3+kg3as required, if we set s3 = s2+ s1g2+ 
Æ, g3 = g1g2, and p3 to be some set of rank at least %(p2)+ %(p1) thatin
ludes fp1; p2g. a (5�41)5�42 REMARK If s1 > 0, F1 �P 
�+k � P 
%(p1)+�+s1+kg1�1, so that some improvement in the above 
onstantswill be possible.5�43 REMARK If F is rud re
 and E is a unary rudimentary fun
tion, then we may take sEÆF = sF + 
Eand gEÆF = gF ; for in e�e
t sE = 
E and gE = 1.5�44 PROPOSITION Let hP� j � 6 !i be a stri
t 
ontinuous !-progress, and let p 2 P0 If P0 is p-provident,so is P!.Proof : P! will be rud 
losed by Corollary 5�19, and hen
e 
losed under pairing.Let F be p rud re
. Then F �� P0 � P0 by hypothesis, bearing in mind Proposition 4�10. P0 2 T(P0) �P1, and so F �P0, being by Lemma 5�28 de�nable over P0 will be a �0 subset of P1, and thus in some Pn, nbeing given by the appropriate separational delay. Lemma 5�29 will 
ontinue the propagation, so that ea
hF �Pn will be in P!. Hen
e P! will be 
losed under F . a (5�44)Enhan
ed version5�45 PROPOSITION Let 
 be transitive, � a limit ordinal. Then .[�F �� P 
� ��p;F p 2 P 
� ; F p-rud re
	 � P 
�+�:That implies a form of repla
ement for provident sets:5�46 COROLLARY If A is provident, 
 2 A, � 2 A, then there is a d 2 A su
h that[�F �� P 
� ��p;F p 2 P 
� ; F p-rud re
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Comparing two de�nitions of the 
onstru
tible hierar
hyWe may now 
ompare our de�nition of L(
) with the traditional one: our version of the latter would be:5�47 DEFINITION Let 
 be a transitive set; de�neT0(
) = 
; T�+1(
) = T(T�(
)); T�(
) =[�;�T�(
); L(
) =[� T�(
):5�48 PROPOSITION Let 
 be transitive. For any limit ordinal �, T�(
) � P 
%(
)+�; if � is inde
omposable andstri
tly greater than the rank of 
, then T�(
) � P 
� .Proof : The sequen
e T�(
) is given by a 
-rud re
ursion, 
 2 P 
� and P 
� is provident. a (5�48)5�49 PROPOSITION For any limit ordinal �, P 
� � T�(
).Proof : We de�ne f to be a P -attempt if f is a fun
tion, with domain some ordinal, satisfying these 
onditionsfor ordinals in its domain: f(0) = ?f(� + 1) = T(f(�)) [ f
 \ f(�)g [ (
 \ fx j x � f(�)g)f(�) = [�<� f(�))All that is �0(f; 
). Now P 
! = V! � T!(
); so in a suggestive notation, P �� ! � T!(
).Suppose that P �� � � T�(
). Then P �� is a �0 subset of T�(
)� � whi
h is a member of T�+!(
), andtherefore is itself in T�+!(
)| a 
ouple is a member of P �� if there is an P -attempt in T�(
) that says so,and T�(
) is a member of T�+!(
).Now progress as before using the appropriate HG. a (5�49)5�50 COROLLARY Let � > � > %(
), where � is inde
omposable. Then T�(
) = P 
� .Proof : T�(
) = P 
� , by the above observations; thereafter an indu
tion on � will pro
eed smoothly at limitstages, and at su

essor stages we observe that T�+1(
) = T(T�(
)) = T(P 
� ) = P 
�+1, sin
e 
 � P 
� and
 2 P 
� . a (5�50)5�51 REMARK As 
 2 T�(
), the 
ondition on the rank of 
 is essential if T�(
) is to be provident.
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Mis
ellaneous results about provident sets5�52 PROPOSITION If � is an inde
omposable ordinal and C is a set of transitive sets su
h that any twomembers of C are members of a third, then B =df S
2C P 
� is provident.More generally, the union of a dire
ted system of provident sets is provident.Proof : Given a parameter p in B and an argument x in B, 
hoose 
 2 C with both p and x in P 
� . We knowthat P 
� is provident, and so if F is p-rud re
, F (x) is in P 
� and therefore in B. a (5�52)5�53 PROPOSITION Let A be a provident set, and write �(A) for the least ordinal not in A.(5�53�0) A is rud 
losed;(5�53�1) A 
ontains the rank %(x) of ea
h member x of A;(5�53�2) A 
ontains the transitive 
losure of ea
h of its members;(5�53�3) �(A) is inde
omposable;(5�53�4) �(A) = %(A);(5�53�5) A = Sa2A T�(A)(a) = SfP d�(A) jd S d � d 2 AgProof :(5�53�0) : sin
e ea
h rud fun
tion is pure rud re
;(5�53�1) : sin
e the rank fun
tion % is pure rud re
;(5�53�2) : sin
e t
l is pure rud re
;(5�53�3) : for ea
h ordinal � the fun
tion � 7! �+� is �-rud re
; hen
e if � and � are both less than �(A),their sum will be too.(5�53�4) : follows from the �rst two parts and the transitivity of A.(5�53�5) : Let a 2 A; let d = t
l(fag). Then d 2 A and %(d) = %(a). Consider the d-rudimentaryre
ursion D(x) = d [ [y2xT(D(y)):A, being provident, is 
losed under D. But that re
ursion is a familiar one in disguise: 
onsider there
ursion on ordinals given by T0(d) = d; T�+1(d) = T(T�(d)); T�(d) = S�<� T�(d). It is easily provedby indu
tion on %(x) that for all x, D(x) = T%(x)(d). Hen
e for � < �(A), a 2 T�(d) 2 A.For the se
ond equality use Corollary 5�50. a (5�53)5�54 PROPOSITION Let � be an inde
omposable ordinal, and let (Q�)�6� be a �-progress withQ� = S �<�Q� .Then Q� is provident.Proof : i. If � < �, Q� 2 T(Q�) � Q�+1 so Q� 2 Q�, so in Q�, everything is a member of a transitive set.ii. Q� is rud 
losed.iii. Let 
 2 Q� be transitive. We show that P 
� � Q�.iv. By i { iii, Q� is the union of a dire
ted family of provident sets, and is therefore provident.It remains to prove (iii). Let 
 2 Q� 2 Q�. P 
0 = ?. We prove that for ea
h non-su

essor � < � andea
h k 2 !�(�): P 
 �� � � Q�+�	(�; k): P 
 ��+ k 2 Q�+�+!.�(0) is trivial.Proof that (for � a non-su

essor) �(�) =) 8k :2! 	(�; k): P 
 �� is uniformly de�nable from 
 overQ�+� whi
h is in Q�+�+1, as is 
; let 
P be the rudimentary 
onstant for the relevant �0 separator. ThenP 
 �� 2 Q�+�+1+
P . There is a rud fun
tion H su
h that for every k, P 
 � (�+ k + 1) = H(
; P 
 � (�+ k)).Hen
e if 
H is the 
orresponding rudimentary 
onstant, then for ea
h k > 0, P 
 ��+ k 2 Q�+�+1+
P+k�
H .That (for � a nonsu

essor) 8k :2! 	(�; k) =) �(� + !) is evident, as is the fa
t that if � is a limitof smaller limit ordinals for ea
h of whi
h � holds then �(�) holds. a (5�54)
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5�55 DEFINITION Let � be a limit ordinal. Call two stri
t 
ontinuous �-progresses (P�)�6�, (Q�)�6� linkedif for ea
h � 6 �, P� � Q� .5�56 PROPOSITION Let F be p-rud re
, where p 2 Q0; let its 
onstants be sF and gF . Suppose thatF �� P0 � Q0. Then for ea
h non-su

essor � and k 2 !, F �P�+k 2 Q�+sF+kgF , and F �� P�+! � Q�+!.Proof : Assume that for a given non-su

essor ordinal �,F �� P� � Q�; thenF �P� 2 Q�+sF sF the separational delayF �P�+k 2 Q+�+sF+gF k gF the generational delay; soF �� P�+! � Q�+!: a (5�56)5�57 COROLLARY For no p is the map � 7! �+ ! p-rud re
.Proof : If F is p-rud re
 and � is inde
omposable and stri
tly greater than %(p), then %(F (�)) < � + !.a (5�57)A more general statement is true:5�58 PROPOSITION let Q� be a progress; let e, a transitive set, be in Q0 and let P e� 2 Q0. Then for ea
hlimit ordinal �, P e �� � + � � S �<�Q� .Proof by indu
tion on �: ea
h S �<�Q� is rud 
losed, and at ea
h su

essor step we apply a rud fun
tion.To 
ontinue the indu
tion after rea
hing a limit ordinal, we remark that if P e �� � + � � S �<�Q� , thenP e �� � + � � Q� 2 Q�+1; hen
e the sequen
e so far, P e �� is de�nable from P e� and will therefore be in therud 
losed set S �<�+!Q� . (or the sequen
e of pairs ?). a (5�58)A remark on Type III re
ursions5�59 PROPOSITION A transitive set A is provident i� it 
ontains the graphs of the relevant restri
tions ofType III re
ursions.Proof : Let A be provident, and 
ontaining an in�nite set. Let F (v; x) = G(v; F � (fvg � x)), where G isrud. We have seen that for ea
h v, x 7! F (v; x) is v-rud-re
. Let d and 
 be transitive members of A with
 of limit rank. Then the proposition gives us a q 2 A, rud 
losed and transitive and (ne
essarily) of limitrank, su
h that for ea
h v 2 d something happens: but that means that all the values taken by F on d � 
are in q, as are the restri
tions ne
essary. So the graph will be(q � (d� 
)) \ f(y; (v; x)) j 9f :2q f is an F �fvg � u attempt andf(v; x) = ygand thus a set of A, being the result of applying a �0 separator to a set.Conversely, if p 2 A and F1 satis�es the Type II re
ursion F1(x) = G1(p; F1 �x), 
onsider the Type IIIre
ursion given by F (v; x) = G(v; F �(fvg � x), where G is G1 appropriately rewritten. a (5�59)
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6: Provident 
losures and the Finite Basis TheoremProvident 
losures6�0 THEOREM Suppose that M is a non-empty set. Let � be the least inde
omposable ordinal not less than%(M). Set Prov(M) =df [�P t
l(s)� �� s 2 S(M)	:Then Prov(M) is provident and in
ludes M , and if P is any other su
h, Prov(N) � P .Proof : Suppose �rst that P is provident and M � P . Then S(M) � P ; � 6 On \ P ; for ea
h s 2 S(M),t
l(s) 2 P , and for � < �, P t
l(s)� 2 P , and so Prov(M) � P .Write Ms for P t
l(s)� ; ea
h Ms is provident by the results of x5, and so we have only to remark that if sand t are in S(M), so is u = s [ t, and Ms [Mt �Mu; so that Prov(M) is 
losed under pairing. a (6�0)The theory PROVTheorem 6�0 implies that there is a �nitely axiomatisable set theory whi
h we 
all PROV of whi
h thetransitive models are the provident sets.Let PROV be the following axioms(6�0�0) extensionality(6�0�1) the ten axioms of GJ0, as given in [M5℄? 2 Vfx; yg 2 Vxr y 2 V Sx 2 VDom (x) 2 Vx� y 2 V a \ f(x; y)2 j x 2 yg 2 Vf(y; x; z)3 j (x; y; z)3 2 bg 2 Vf(y; z; x)3 j (x; y; z)3 2 
g 2 V(R8) fx\fwg j w 2 yg 2 V(6�0�2) ea
h set is in the domain of an attempt at the rank fun
tion;(whi
h implies both TCo and set foundation)(6�0�3) any two ordinals are in the domain of an attempt at ordinal addition(6�0�4) for ea
h transitive 
 ea
h ordinal is in the domain of an attemptat the sequen
e hP
� j � � ONi;We write PROVI for PROV + ! 2 V .That will suÆ
e to prove that the transitive models of PROV are the provident sets; the reasoning in thispaper has been mainly semanti
, but experien
e of the weak systems in [M3℄ suggest that if one wished touse PROV for synta
ti
al reasoning, it would be desirable to enhan
e it by adding the axiom of in�nity andthe s
heme of �1 foundation. With a little extra work one 
ould show that that too is �nitely axiomatisable,by using the predi
ate j=0 .
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7: Propagation through levels of the G�odel and Jensen hierar
hiesProvident levels of the Jensen hierar
hyThe �rst two statements are parameter-free versions of results already proved.7�0 LEMMA Let F be pure rud re
ursive, given by G. Then \f is an F -attempt" is a �0 predi
ate of f .Proof : Here the formula required isFn(f) & [Dom (f) � Dom (f) & 8x :2Dom(f) f(x) = G(f �x): a (7�0)7�1 PROPOSITION If u is transitive and ?-provident then so is rud(u).Proof : We take Pn = Tn(u), and P! = S nPn. hP� j � 6 !i is then a stri
t 
ontinuous !-progress, so wemay apply Proposition 5�44 with p = ?. a (7�1)7�2 COROLLARY Ea
h non-empty J� is ?-provident,Proof : J1 = HF; J�+1 = rud(J�); the indu
tion at limit stages is trivial. a (7�2)The following is a 
orollary of Theorem 5�47.7�3 THEOREM J� is provident i� !� is inde
omposable.More generally, if 
 is a transitive set, J�(
) will be provident i� !� is inde
omposable and stri
tlygreater than the rank of 
.7�4 REMARK We need !� to ex
eed the rank of 
, as provident sets 
ontain the ranks of their members.7�5 REMARK So although for a given p in L we must go to the �rst inde
omposable ordinal above themoment of 
onstru
tion of p to �nd a J� whi
h is p-provident, every subsequent J� will also be p-provident.7�6 PROPOSITION J! is provident. The next one will be J!2 .Provident levels of the L hierar
hy7�7 LEMMA If u is transitive and u 2 L�+1 then T(L�) � L�+1 and T(u) 2 L�+2.Proof : As u � L� , T(u) is a de�nable 
olle
tion of de�nable subsets of u. u itself is a de�nable subset ofL� , so ea
h member of T(u) is in L�+1 and T(u) will be in L�+2. a (7�7)7�8 PROPOSITION Ea
h L� is ?-provident for limit �.Proof : L! = HF whi
h is provident; given this good start, the 
orollary is easily proved by indu
tion on�, using the Proposition to advan
e from � to �+ ! by taking Pk = L�+k, sin
e that is a stri
t 
ontinuousprogress. At limit limit ordinals,the indu
tion is trivially maintained. a (7�8)7�9 PROPOSITION L� is provident i� � is inde
omposable.S-logi
 in provident sets7�10 PROPOSITION Let A be a provident set; let a 2 A. Then S(a) 2 A.Proof : If ! =2 A, A = HF; and a 2 HF =) S(a) = P(a) 2 HF.Suppose therefore that ! 2 a. De�ne the following re
ursion on ! + 1:S(a; 0) = f?g; S(a; n+ 1) = ffxg [ y j x 2 a & y 2 S(a; n)g [ S(a; n); S(a; !) = [n<! S(a; n):Then S(a; !) = S(a). a (7�10)7�11 REMARK If A is provident and ! 2 A, then V! 2 A: for V! = P?! .3 v 2009 : : : : : : : : : : : : : : : : Rudimentary re
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8: Rudimentary re
ursion from predi
ates.Let B be a unary predi
ate. The 
lass of fun
tions rudimentary in B is that obtained by adding to thegenerators of R the fun
tion x 7! x \B.We 
all a fun
tion rud re
 in B if it is of the formF (x) = G(F �x)where G is rud in B; similarly we 
all it p-rud-re
 in B if of the formF (x) = G(p; F �x)where G is again rud in B.That will give us a notion of B-provident: namely a set A is B-provident if whenever p and x are in Aand F is p-rud re
 in B, then F (x) 2 A.We should generalise the de�nition of T to TB: the simplest de�nition seems to beTB(u) = T(u) [ fu \Bg:One 
ould 
onsider other de�nitions, su
h as to take TB(u) to be T(u) [ fx \ B j x 2 T(u)g, whi
hwould have the property that as soon as x be
omes available so does x \ B. But we shall prefer simpli
ityto speed.Then we would wish to de�ne a progress P 
;B� where 
 is a transitive set. Again the simplest would beto repla
e T by TB, and to do nothing else; thus we should have this de�nition:8�0 DEFINITION
0 = ? 
�+1 = 
 \ fx j x � 
�g 
� = S�<�
�P 
;B0 = ? P 
;B�+1 = T(P 
� ) [ fP 
;B� \Bg [ f
�g [ 
�+1 P 
;B� = S�<�P 
;B�The Propagation Lemma8�1 LEMMA Let G be a binary rudimentary-in-B fun
tion. Then there is a ternary rudimentary-in-B fun
-tion HG, obtainable uniformly from G, su
h that for any set p, if F be the p-rud-re
-in-B fun
tion, given bythe re
ursion F (x) = G(p; F �x), and if P+ and P are transitive sets with P � P+ � P(P ), thenF �P+ = HG(p; F �P; P+):Proof : If x 2 P+, then x � P , so F �x = (F �P )�x so F (x) = G(p; (F �P )�x). Hen
eF �P+ = f(G(p; (F �P )�x); x)2 jx x 2 P+gWe take HG(p; f; q) = f(G(p; f �x); x)2 jx x 2 qg. a (8�1)The progression lemma will apply: at limit stages we shall get a set whi
h is rud-in-B 
losed, so rud
losed and B-amenable.
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A remark on amenability8�2 DEFINITION Let A be a set or 
lass, and let C be a transitive 
lass. We de�ne a hierar
hy PC;A� thus:PC;A0 = ?; PC;A�+1 = T(PC;A� ) [ fPC;A� \ Ag [ fC \ PC;A� g [ (C \ fx j x � PC;A� g); PC;A� = [�<�PC;A� :REMARK If A and C are sets, that 
an be regarded as a rud re
ursion with them as parameters. If they areproper 
lasses, we have to see that as an A-C-rud re
ursion with them as predi
ates.PROBLEM Let � be inde
omposable, and C transitive of rank �. When is the rud fattening of C going to beprovident ? I suspe
t that PC� will be the provident 
losure (or fattening) of C. Cf Brussels.8�3 PROPOSITION Let � be inde
omposable, and let (Q�)�6� be a �-progress that is 
ontinuous at �. LetA be amenable to Q�, so that 8� :<� (A \ Q� 2 Q�). Let C be a transitive subset of Q�. Then PC;A� is asubset of Q� and is A-provident in the predi
ate sense.8�4 REMARK To generalise to C of rank ex
eeding that of Q� (assuming Q0 6= ?), we should requireC� � Q�.Dynami
 predi
atesIn fa
t in [M4℄ we shall have a use for a progress P 
;D where the relation D is itself being de�ned asthe progress advan
es.Suppose that A is provident and that D � A is an amenable relation, de�ned by a p-rud re
ursion,using the rud fun
tions GD and HD. Let 
 be a transitive set of whi
h p is a member. We de�ne by asimultaneous p-rudimentary re
ursion sequen
es (
�)� , (P 
;D� )� , (D�)� thus:8�5 DEFINITION
0 = ? 
�+1 = 
 \ fx j x � 
�g 
� = S�<�
�P 
;D0 = ? P 
;D�+1 = T(P 
;D� ) [ f
�g [ 
�+1 [ fP 
;D� \D�g P 
;D� = S�<�P 
;D�D0 = ? D�+1 = HD(p;D� ; P 
;D�+1) D� = S�<�D�
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9: Fun
tions de�ned by more liberal re
ursionsWe may ask if provident sets are 
losed under more fun
tions than those we have dis
ussed: for example, ifG is u.a.d., and F is de�ned by F (x) = G(F �x), will a provident set be 
losed under F ?The matter appears to be deli
ate, for provident sets need not be 
losed under ordinal multipli
ation,whi
h is de�ned by the re
ursion� � 0 = 0; � � (� + 1) = � � � + �; � � � = sup�<�� � �:But noti
e that in the re
ursive de�nition of �+�, the re
ursion, whi
h is rudimentary, is on the se
ondvariable, and � is a parameter not involved in the re
ursion; whereas in the de�nition of � � (�+1), the value
omputed previously for � � � is the value given to the �rst variable when ordinal addition is 
alled; so thatboth variables of ���:�+ � are involved in the re
ursive de�nition of ���:� � �.What we �nd, though, is that if su
h \
rossing" of variables is avoided, then provident sets will be 
losedunder fun
tions generated by re
ursions using previously obtained fun
tions.9�0 DEFINITION We say that a unary 
lass fun
tion F is d.f.d. (meaning de�nable and of �nite delay) ifthere is a parameter pF and a fun
tion `F : ! �! ! su
h that for ea
h 
anoni
al progress P 
� , where 
 is atransitive set of whi
h p is a member, ea
h non-su

essor ordinal � and ea
h k 2 !,F �P 
�+k � P 
%(p)+1+�+`F (k):Thus we have shown that every rudimentarily re
ursive fun
tion is d.f.d., with aÆne delay.In the following remarks, we assume without proof that the notion of de�nability just given is adequatefor its use. Our aim here is simply to explore the rate of growth of various de�nitions.9�1 PROPOSITION Suppose that F3 = F2 Æ F1, where for i = 1; 2 Fi is d.f.d with parameter pi and delayfun
tion `i. Then F3 is d.f.d.Proof : as in the proof of Theorem 5�41, we may argue that:F1 �P 
�+k 2 P 
%(p1)+�+`1(k)and F2 �P 
%(p1)+�+`1(k) 2 P 
%(p2)+%(p1)+�+`2(`1(k));but F3 �P 
�+k = �F2 �P 
%(p1)+�+`1(k)� Æ �F1 �P 
�+k�so F3 �P 
�+k 2 P 
%(p2)+%(p1)+�+`2(`1(k))+
Æ ;thus we shall have F3 �P 
�+k 2 P 
%(p3)+�+`3(k)as required, if we set `3(k) = `2(`1(k))+ 
Æ, and p3 to be some set of rank at least %(p2)+%(p1) that in
ludesfp1; p2g. a (9�1)9�2 REMARK If F2 is rudimentary, `3(k) = `1(k) + 
Æ + 
F2 ; if F1 is rudimentary, `3(k) = `2(k + 
F1) + 
Æ.9�3 REMARK If `1(k) is exponential and `2(k) is aÆne, or if `2(k) is exponential and `1(k) is aÆne, then `3will be exponential.9�4 REMARK If `1(k) is O(gk1 ) and `2(k) is O(gk2 ), `3 will be O(ggk12 ).
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9�5 PROPOSITION Suppose that G is of d.f.d. with parameter p and delay fun
tion `. Suppose that F isde�ned by F (x) = G(F �x). Then F is likewise d.f.d.Proof : We need some de�nability 
ondition to say that F �P 
� is de�nable over it and therefore will be inP 
�+sF . Thereafter F �P�+k+1 = HG(p; F �P�+k; P�+k+1)where we de�ne HG as before: HG(p; f; q) � f(G(p; f �x); x)2 jx x 2 qg:HG is of the form K1 Æ (G ÆK2) where K1 and K2 are rudimentary; so the delays of G and HG are ofthe same order. In parti
ular, if G is u.a.d. so is HG.Now assuming that `F (k) > k + 1, both arguments of HG are in P�+`F (k), and HG � P�+`F (k) 2P�+`H(`F (k)), so we obtain the re
ursive estimate`F (k + 1) = `H(`F (k)): a (9�5)9�6 REMARK Thus if G is rud and therefore HG is rud, `H(k) = k + 
H , (roughly): so`F (0) = sF ; `F (1) = sF + 
H ; `F (2) = sF + 
H + 
H ; : : : `F (m) = sF +m � 
H ;giving the uniform aÆne delay that we have already established for rud re
 fun
tions.9�7 REMARK If H is u.a.d., there are delays s and g su
h that `H(k) = s+ kg, and we obtain`F (0) = sF ; `F (1) = s+ sF g; `F (2) = s+ (s+ sF g)g; `F (3) = s(1 + g + g2) + sF g3;and in general `F (m) = s(m�1Xi=0 gi) + sF gmwhi
h is O(gm), so that it is reasonable to des
ribe F as being of uniform exponential delay.9�8 REMARK If G and therefore H is of exponential delay, the delay for F will grow even faster: if, tosimplify the pi
ture, we suppose that `H(m) = gm and `F (0) = s, then`F (1) = gs; `F (2) = ggs ; `F (3) = gggs ;and so on. a (9�8)
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Limit provident sets9�9 REMARK The fun
tion of ordinals de�ned by F (0) = �; F (� + 1) = � + F (�);F (�) = sup�<� F (�)is of the form F (�) = E(�; F � �) where E is (related to) the �-rud re
 fun
tion � 7! � + �, and has theproperty that for all � > �, F (�) = � � !.Thus the rank of a provident set A 
ontaining ! and 
losed under all F 's of the above type, must be!� for some limit ordinal �.We wish here to prove the 
onverse.9�10 THEOREM Suppose that A is provident. Suppose that F is a 
lass fun
tion satisfying the re
ursionF (x) = E(F � x) where for some p 2 A, E itself is p-rud re
, given by E(x) = G(p;E � x), where G isrudimentary. Suppose further that � =df %(p) � ! < � =df On \ A. Then A is 
losed under F .9�11 LEMMA There is a fun
tion `F : ! �! ! su
h that for every transitive set e with p 2 e, everynonsu

essor ordinal � and every natural number k, F �� P e� � P e%(p)�!+� and F �P e�+k 2 P e%(p)�!+�+`F (k):Proof : As usual assume that for some �, F �� P e� � P e%(p)�!+�. F � P e� is uniformly de�nable from p overP e%(p)�!+� and therefore will be in P e%(p)�!+�+
 for some �nite 
 whi
h we 
all `F (0).Thereafter F �P�+k+1 = HE(F �P�+k; P�+k+1)where we de�ne HE as before: HE(f; q) � f(E(f �x); x)2 jx x 2 qg:HE is of the form K1 Æ (E ÆK2) where K1 and K2 are rudimentary; so the delays of E and HE are ofthe same order. In parti
ular, if E is u.a.d. so is HE .Now assuming that `F (k) > k + 1, both arguments of HE are in P e%(p)�!+�+`F (k); sin
e HE is u.a.d,HE �P e%(p)�!+�+`F (k) 2 P e%(p)+1+%(p)�!+�+`HE (`F (k));but %(p) + 1 + %(p) � ! = %(p) � !.We may therefore de�ne `F re
ursively by`F (k + 1) = `HE (`F (k)): a (9�11)The proof of the Theorem is now immediate. a (9�10)9�12 COROLLARY If A is provident and On \ A = !� for some limit ordinal �, then A is 
losed under allfun
tions de�ned by p-rud-re
 re
ursion with p in A.9�13 REMARK Thus it appears that whereas for p-rud-re
 fun
tions, a good start is some F � P 
%(p)+1, forfun
tions de�ned by re
ursion using a p-rud-re
 fun
tion, a good start is some F �P 
%(p)�!. This phenomenonmight 
ontinue to rise with the hierar
hy that is emerging.
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10: Models of stunted growthWe have mentioned \Model M13;�" studied in Weak Systems, whi
h is supertransitive and a proper 
lassbut whi
h 
ontains only the ordinals < �; so in this model rank is stunted.10�0 ASIDE Consider this model in the spe
ial 
ase � = !; ! is not a member of M13;!, whi
h is otherwisea model of Z, save for the axiom of in�nity in its 
ustomary form. But that axiom is not used in de�ningthe �nite basis of rudimentary fun
tions; so M13;! is rud 
losed; and therefore ! is not of the form F (x) forany rud fun
tion F and x 2M13;!.That argument proves another variant of Gandy's Theorem 2.1.3. Note that in ModelM13;�, TCo holds;by supertransitivity, the a
tual transitive 
losure of ea
h member of the model is a member of the model.We may generalise the idea behind model M13 thus:10�1 DEFINITION Suppose that F : On �! V is a fun
tion su
h that for ea
h �, F (�) 2 F (�+1) � P(F (�)),that F (0) = ? and that at a limit stage �, F (�) = S �<�F (�); so that ea
h F (�) is transitive. For limit �,set AF;� =df �u �� Su � u & supf� 2 u \On j F (�) 2 ug < �	; MF;� = SAF;�:10�2 PROPOSITION MF;� is a supertransitive model of Z for whi
h F (�) 2 MF;� () � < �. For many Fand � the model MF;� will be a proper 
lass.Proof : as in Se
tion 7 of [M2℄. The union of two members of AF;� is in AF;�, and if u 2 AF;�, so is P(u);so that MF;� will be a supertransitive model of Z. If F only takes ordinals as values, the argument in M2shows that MF;� will 
ontain sets of all ranks. Otherwise, if F (�) is not an ordinal for � > �, where � < �,then MF;� will 
ontain all ordinals. a (10�2)10�3 Re
all from the Introdu
tion the iteration T� of the fun
tion T, given byT0 = ?; T1 = f?g; T�+1 = T(T�); T� = [�<� T� for limit �:10�4 DEFINITION For limit �, set A17;� =df �u �� Su � u & supf� j T� 2 ug < �	; M17;� =df SA17;�:10�5 PROPOSITION M17;� is a supertransitive proper 
lass, 
ontaining all ordinals but the T hierar
hy onlyup to � but no further. In this model the rud re
ursion de�ning rank is total but that de�ning the growthof the Jensen auxiliary hierar
hy stops prematurely.
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10�6 PROPOSITION There is a supertransitive 
lass model M18;� of Z whi
h 
ontains a Cohen generi
 real
, and all 
onstru
tible sets, but su
h that neither L!+!(
) nor P 
!+! is in M18;�.Proof : This time take � = ! + ! and F (�) = P 
� and M18;� = MF;�. 
 2 P 
� whenever � > ! + 1, so thatea
h L� 2 AF;� and L �MF;�. a (10�6)In the above model the Jensen hierar
hy exists for all ordinals, but the same hierar
hy relativised to 
is de�ned before but not at level ! + !.10�7 REMARK We have seen that in the model K, whi
h should have been 
alled M16, of se
tion 12 of[M3℄, the de�nition of t
l is stunted, and therefore also the de�nition of rank, for if every set is a member ofthe domain of some attempt at %, that domain will be a transitive set; so TCo holds, and hen
e t
l may bere
overed using the full strength of the axioms of Z.M13 is a model of ZC in whi
h rank is stunted but t
l not; M17 is a model of ZC in whi
h the Jensenhierar
hy is stunted but t
l and rank not; M18 is a model of ZC in whi
h the relative G�odel and Jensenhierar
hies L�(
) and J�(
) are stunted but the hierar
hies L� and J� and t
l and rank are not.So there is a 
ertain ordering to some rudimentary re
ursions; but we have seen that if all re
ursionsbroadly similar to T� are total, and if rank is total, then all rud re
ursions give total fun
tions, so that inthis spe
ial sense there is a �nite basis to the 
lass of rud re
ursions.Failure of S
ott's tri
k in a model of ZermeloWe re
ord here another variant of the above 
onstru
tion.10�8 DEFINITION Let A =6R be a well-ordering, viewed as a binary relation 6R on the set fx j hx; xi 2 Ag.For su
h A, de�ne I(A) to be the 
lass of well-orderings isomorphi
 to A, and, in imitation of S
ott's
elebrated tri
k for redu
ing equivalen
e 
lasses to equivalen
e sets, let ST (A) be the 
lass fB 2 I(A) j8C :2I(A) %(C) > %(B)g, the 
lass of wellorderings of minimal rank isomorphi
 to A.The following shows that Z is too weak a set theory for S
ott's tri
k to work.10�9 THEOREM Let � = i� be a beth �xed point. Let A� be the epsilon relation restri
ted to �; thus awell-ordering of length �. There is a supertransitive, proper 
lass, model M19 of Z 
ontaining all ordinalsand the well-ordering A�, in whi
h every set has a rank, but in whi
h (ST (A�))M19 , though a de�nable 
lassof the model, is not a set.Proof : Take F (�) = V� and M19 = MF;�. V� 2 M19 () � < �. As � is a beth �xed point, V� = H�, sothat all well-orderings of length � in the universe must be of rank at least �. Thus A� 2 I(A�). Let B bethe well-ordering fhV� ; V�i j�;� � 6 � < �g, and let B� be the well-ordering fhb� ; b�i j�;� � 6 � < �g wherefor � 6 �, b� = V� , and for � < � < �, b� = �.Then ea
h B� 2 M19, being obtained from V�+1 and A� by rudimentary operations. Further ea
h B�is of rank �, and thus is in ST (A�), even as de�ned in M19.V� =2M19, therefore B =2M19, as V� is the union of its �eld. If ST (A�)M19 were in the model we 
ouldform the set of initial segments of all of its members, using the power set axiom; among those we 
ould pi
kout all the V� 's, (� < �) using the rank fun
tion within the model; and then form their union, whi
h wouldbe the forbidden set V�. a (10�9)
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11: The truth predi
ate for _�0 senten
esIn [M3℄ the theory MW was introdu
ed: it adds to the axioms of DBI the prin
iple that8a8k :2! [a℄k 2 VBy [M3, Theorem 2.91℄, MW is a sub-theory of GJI; but in [M3, se
tion 5℄, a supertransitive 
lass M5,
ontaining all ordinals, is de�ned whi
h by [M3, Propositions 5.0 and 5.19 and Remark 5.9℄ is a model ofMW but not of GJ; by [M3, Lemma 5.9℄, this model omits the set of �nite subsets of !. Further, ModelM6;3of that paper models DBI but not MW, sin
e it omits the set [!℄3. Thus MW is a theory stri
tly intermediatebetween DBI and GJI.In [M3, se
tion 10, 
ulminating in page 211℄ it is shown that the truth predi
ate j=u ' is, provably inMW, �1-de�nable.It was promised in [M3℄ that the proof of Devlin VI.1.14 would be reworked in the present paper. Weshall instead present a proof of the following sharper result.11�0 THEOREM Truth for _�0 senten
es is uniformly �1 for transitive models of MW.Proof : Let M be a transitive model of MW, and ' a _�0 senten
e of LM . It suÆ
es to �nd a �1 de�nition ofj=M ', for if a truth predi
ate for a 
lass of senten
es that is 
losed under negation is �1 it will automati
allybe �1, sin
e j= '() : j= q'.We have a senten
e '; let k be its length, k; let N' be the �nite set 
omprising those members of M ofwhi
h the names o

ur in '; let q' be the number of o

urren
es of quanti�ers in '.Step 1: we rewrite ' by de-nesting restri
ted quanti�ers: for example,repla
e Vx :2�a Wy : � x # by Vx :2�a Wy : ��
 [y � x ^ #℄, where 
 = S a.We thus rea
h within q' steps a formula '0 in whi
h all quanti�ers are restri
ted by free terms, ea
h ofthe form <name of> Sma, where a 2 N' and m < q'. As the Axiom of Union is among those of MW, ea
hsu
h Sma will be in M . Let F' be the �nite set 
omprising those members of M of whi
h the names o

urin '0.A similar pro
ess is des
ribed in some detail in se
tion 8 of [M3℄, though there, but not here, theformalism admits limited quanti�ers as well as restri
ted ones.Step 2: using the usual pro
edures of predi
ate logi
, we rewrite '0 in prenex form, thus rea
hing a senten
e '� inwhi
h a string of quanti�ers, all restri
ted by free terms, pre
edes a quanti�er-free formula #.These two steps may be a
hieved by primitive re
ursive pro
esses applied to the formul� in question.We must now show thatM 
ontains a set whi
h 
ontains all the 
onstants that will o

ur in substitutioninstan
es of subformul� of '�: but su
h a set will be P' =df F' [SF'Let S' be the 
lass of quanti�er-free senten
es, of length no longer than k, in whi
h the only nameso

urring are those of members of P', That, provably in MW, will be a set.Step 3: we show that truth for members of S' is uniformly �1 for transitive models of MW.Spe
i�
ally, we show that there is an evaluation g' : S' �! 2, that is, a fun
tion whi
h obeys the rulesfor evaluation of Boolean 
ombinations of atomi
 statements. These rules are:g(�x = �y) = � 1 if x = y0 if x 6= yg(�x � �y) = � 1 if x 2 y0 if x =2 yg(q#) = 1� g(#)g(#1 ^ #2) = inffg(#1); g(#2)gg(#1 _ #2) = supfg(#1); g(#2)gand similarly for other propositional 
onne
tives if they have also been taken as primitive.3 v 2009 : : : : : : : : : : : : : : : : Rudimentary re
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We saw in [M3℄ that a statement of the form # = #1 ^ #2 is not �0 but will be �0 in any suÆ
ientlylong attempt at addition. As the senten
es to be 
onsidered are all of length not ex
eeding that of ', a singlesuÆ
iently long attempt, �, will exist, and we shall be able to express the above rules for g as a statementthat is �0(�; g; S').Thus the desired �1 truth predi
ate for senten
es # in S' will be of the form9�; a suÆ
iently long attempt at addition, 9g : S' �! 2; g an evaluation, with g(#) = 1:Step 4: we show how to redu
e the 
omputation of truth of '� to that of numerous substitution instan
es in S'.REMARK This step would be possible even if we had not done Steps One and Two, but would be more
ompli
ated to express.We 
onsider the tree T of all �nite sequen
es h
0; : : : 
`i of members of P' where ` 6 n and for ea
h i,
i 2 ai. Provably in MW, T is a set. We write ; for the empty sequen
e.We de�ne for ea
h t 2 T a senten
e 't by re
ursion on the length of t.Let '; = '�. If that is quanti�er-free, we have nothing more to do; so suppose that it has n + 1quanti�ers, so that there are a0; : : : ; an in M su
h that '; is Q0x0 : ��a0Q1x1 : ��a1 : : :Qnxn : ��an # where# 2 S' but may 
ontain other names besides those shown. n is not greater than k.On
e we have de�ned 't then for 
 2 a`h(t) we de�ne 'tah
i to be Subst('t; x`h(t);�
).Let T' = f't j t 2 Tg, a tree of senten
es.Let g' be the evaluation de�ned on S' in Step 3. Extend it to T' by a reverse indu
tion: if `h(t) = n+1,'t will be a member of S', and so g'('t) has been de�ned in Step 3. If g'('u) has been de�ned for allu 2 T of length `h(t) + 1, then de�neg'('t) = � supfg('tah
i) j 
 2 a`h(t)g if Q`h(t) is Winffg('tah
i) j 
 2 a`h(t)g if Q`h(t) is VSo j=0 '() g'(';) = 1.We have �nally to observe that asM models MW, then for ' a _�0 senten
e of LM , all the above sets andfun
tions, in parti
ular P', S', T' and g' are in M ; so the desired �1 formula simply says that there existsets and fun
tions whi
h obey the rules imposed on them and whi
h lead to the evaluation of '. a (11�0)The same argument with very few 
hanges will give a possibly less laborious proof of the result provedin se
tion 10 of [M3℄:11�1 THEOREM The truth predi
ate j=u ', for u a set and ' an arbitrary senten
e of Lu, is �MW1 .Suppose for simpli
ity that ' has no restri
ted quanti�ers, has n + 1 unrestri
ted quanti�ers and isprenex, thus of the form Q0x0Q1x1 : : :Qnxn # where # is quanti�er-free but may 
ontain names of somemembers of u. n is not greater than k.We form the set Su;k of quanti�er-free senten
es of Lu of length no greater than ', and �nd an evaluationg de�ned on it obeying the above rules.This time take the tree T to be the set of all �nite sequen
es h
0; : : : 
`i where ` 6 n and for ea
h i,
i 2 u. As before, we de�ne for ea
h t 2 T a senten
e 't by re
ursion on the length of t. We set '; = ';on
e we have de�ned 't we set, for 
 2 u, 'tah
i to be Subst('t; x`h(t);�
).Let T' = f't j t 2 Tg. We extend the de�nition of g to members of T' by modifying our previousde�nition by reverse indu
tion: if g'('u) has been de�ned for all u 2 T of length `h(t) + 1, then de�neg'('t) = � supfg('tah
i) j 
 2 ug if Q`h(t) is Winffg('tah
i) j 
 2 ug if Q`h(t) is VThen j=u '() g'(';) = 1.As we are arguing in MW and u is a set, then for ' any senten
e of Lu, all the above sets and fun
tions,in parti
ular P', S', T' and g' are sets; so the desired �1 formula simply says that there exist sets andfun
tions whi
h obey the rules imposed on them and whi
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