
Unordered pairs in the set theory of Bourbaki 1949A. R. D. MATHIASERMIT, Universit�e de la R�eunionAbstra
t. Working informally in ZF, we build a pair of supertransitive models of Z, of whi
hpair the union is shown to be a supertransitive model of Bourbaki's 1949 system for set theoryin whi
h some unordered pair fails to exist even though ordered pairs are available.0: Introdu
tion and notationIn this note we follow Fren
h usage whereby the pair of a and b is the unordered pair fa; bg, while their
ouple is the ordered pair (a; b).Some authors, in
luding Bourbaki in their earlier publi
ations, treat the operation of 
oupling two setsas a primitive, for whi
h axioms su
h as the following would be given:8x; y9z z = (x; y)8a; b; 
; d [(a; b) = (
; d) =) (a = 
 & b = d)℄0�0 DEFINITION The Cartesian produ
t, x� y, is the 
lass f(a; b) j a 2 x and b 2 yg.0�1 DEFINITION Let CPr be the statement that for all sets x and y, x� y is a set.In many set theories, 
oupling, rather than being a primitive, may be introdu
ed by de�nition; of themany possible de�nitions, we distinguish that of Kuratowski by a spe
ial notation:0�2 DEFINITION ha; biK = ffag; fa; bgg.Here the singleton fag is fa; ag. The Kuratowskian de�nition of Cartesian produ
t will then be:0�3 DEFINITION x�K y =df fha; biK j a 2 x & b 2 yg.For the early history of these 
on
epts, see Kanamori [K1℄, and for a re
ent proposal for the de�nitionof ordered pair, see [S
, M℄.0�4 DEFINITION Let AxSing be the assertion that for ea
h set x, its singleton fxg is a set. Let AxPair be theassertion that for all sets x and y, their pair fx; yg is a set.In the address of Ni
olas Bourbaki [Bou 49℄, read by Andr�e Weil to the Asso
iation of Symboli
 Logi
at their meeting in Columbus, Ohio, on De
ember 31, 1948, a system of set theory, whi
h we shall 
allBou49, was presented. This system was roughly the system Z whi
h originates in a 1908 paper of Zermelo,but among the di�eren
es are these: Zermelo in
luded AxPair among his axioms, whereas Bourbaki did not;Bourbaki treated 
oupling as a primitive, with axioms to mat
h, whereas Zermelo did not mention 
ouplesexpli
itly, it being left to Wiener, Hausdor�, and �nally Kuratowski to suggest ways of introdu
ing them byde�nition.AxSing is derivable in Bou49 using the axiom of power set and the s
heme of separation. It might beasked whether AxPair 
an be derived in Bou49; the purpose of this note is to show that it 
annot.THEOREM There is a model of Bou49 in whi
h AxPair is false.The model in question will be the union of two 
arefully 
hosen models of the set theory Z.We now list the axioms of Bou49 and Z, and shall then outline our method for proving the theorem.In our presentation of Bou49, we reprodu
e exa
tly the notation of [Bou49℄, and passages in slanted typeare (shortened versions of passages) from that paper. In our presentation of Z, P(x) is, as usual, the 
lassfy j y � xg of all subsets of x, and Sx the 
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The system Bou49First, an axiom and an axiom s
heme for equality:E(1) 8x(x = x)S(1) [(x = y) �! (Rfx; y; xg �! Rfx; y; yg)℄then three axioms for 
oupling, in whi
h initially the sign j is used:E(2) 8x8y9z(zjxy)E(3) 8x8y8z8t[(zjxy) and tjxy �! (z = t)℄Hen
eforth write \z = (x; y)" for \zjxy".E(4) 8x8x08y8y0[((x; y) = (x0; y0)) �! (x = x0 and y = y0)℄Write x � y for 8z(z � x �! z � y).Then the axiom of extensionality, given as:E(5) 8x8y[(x � y and y � x) �! (x = y)℄Then the s
heme of separation:S(2) 8 � � � 8setE9X8x[(x � X)$ (x � E and R)℄where X is an argument whi
h does not o

ur in the relation R.The power set axiom:E(6) 8setX9Y 8Z[(Z � X) ! (Z � Y )℄The existen
e of the 
artesian produ
t X � Y of two sets X and Y :E(7) 8setX8setY 9W8z[9x9y(x � X and y � Y and z = (x; y))$ (z � W )℄E(8) Zermelo's axiom (of 
hoi
e, presumably, though it is not given expli
itly).Finally a verbal formulation of an axiom of in�nity: the formulation is 
orre
t, given Bourbaki's 
on-vention (on whi
h Rosser 
omments in his review [Ro℄) that a set is never empty.The system Z0�5 Zermelo in his 1908 paper [Z℄ gives these axioms:I: the axiom of extensionality,II: the axiom of null set, AxSing and Axpair: ? 2 V , fag 2 V , fa; bg 2 V ,III: the s
heme of separation for \de�nite" properties,IV: the power set axiom: P(x) 2 V ,V: the axiom of union: Sx 2 V ,VI: an axiom of 
hoi
e: every family of pairwise disjoint non-empty sets has a sele
tor,VII: an axiom of in�nity.There was no axiom of foundation, nor does it seem that Zermelo then had the 
on
ept of a 
ouple.We write ZC for the system obtained from I { VII by adding the axiom of foundation for sets, repla
ingaxiom VI by the prin
iple WO, proved by Zermelo to be equivalent, that any set admits a well-ordering,and, following Weyl and Skolem, interpreting the s
heme of Separation to meana \ fx j �(x; a; b)g 2 Vfor any parameter b and formula � of the usual �rst-order language of set theory. We write Z for ZC withWO omitted.0�6 REMARK Bou49 may be seen as a subsystem of ZC: for Axiom II supports the Kuratowski de�nition of
ouple, and with that de�nition CPr be
omes provable, sin
e Z̀ x�K y � PPS fx; yg; so that ZC interpretsBou49 + AxPair + Foundation + Union.17 ii 2009 : : : : : : : : : : : : : : : : : Unordered pairs in the set theory of Bourbaki 1949 : : : : : : : : : : : : : : : : : Page 2/7



0�7 REMARK The Weyl{Skolem interpretation of III is often 
alled the s
heme of full separation. Ri
hardPettigrew, in his talk at the Zermelo Centenary Conferen
e held in Brussels in O
tober 2008, spe
ulatedthat Zermelo's own preferen
e in 1908 might have been for a weaker interpretation, possibly the s
heme of�P0 separation shown in theorem 6�9 of [M1℄ to be derivable in the system M0 of that paper; if so, Zermelo'sintended system of 1908 would be M0 together with the axioms of in�nity and 
hoi
e.Kanamori in his study [K2, p. 520℄ of Zermelo notes that by 1929 Zermelo's thoughts were running ona mu
h stronger interpretation, and that Zermelo believed then that in 1908 no very spe
i�
 formulationwould have been possible as there was at the time no generally a

epted notion of logi
al system to whi
happeal might have been made.Our proof strategyWe shall work in ZF. In our 
onstru
tions of various models of subsystems of ZC, we make no use of WO,but as the models we 
onstru
t are supertransitive, WO will automati
ally hold in them provided it holds inthe universe in whi
h we are working.We review some familiar de�nitions.0�8 DEFINITION %(x) is the set-theoreti
al rank of x. HF is the 
lass of hereditarily �nite sets. S(x) is the
lass of �nite subsets of x.0�9 DEFINITION V� =df fx j %(x) < �g. Thus V0 = ; and for n 2 !, Vn+1 = P(Vn).0�10 DEFINITION A set or 
lass, N, is said to be transitive if x 2 y 2 N =) x 2 N. N is said to besupertransitive if it is transitive and, further, x � y 2 N =) x 2 N.0�11 REMARK It has long been known that V!+! is a supertransitive model of Z. V!+! and the notion ofa transitive set seem to have been �rst de�ned by Bernays in Part VI, published in 1948, of his sequen
e ofpapers developing a formal system of set theory: see [Ber℄ and Kanamori [K3℄. On the other hand, Skolemin part 4 of his 1922 paper \Einige Bemerkungen" [Sk, p.225℄ de�nes sets of the erste Stufe and zweite Stufe;working in ZF, the erste Stufe would be the sets in V! , and the union of the �rst and se
ond Stufen wouldbe V!+!; Skolem gives arguments that would have shown V!+! to be a model of Z had that notion beenavailable to him.Our strategy for the rest of the paper is this: in se
tion 1, we outline a general method for 
onstru
tingmodels of subsystems of Z. The proofs, being straightforward, are omitted.In se
tion 2, we apply the method of se
tion 1 to 
onstru
t a 
ertain model of Z whi
h 
ontains in�nitesets but not the von Neumann ordinal !: this 
onstru
tion serves to 
orre
t the proof and strengthen thestatement of theorem 2.1.3 of Gandy [G℄, whose own proof, as shown in [M3℄, is in
orre
t.Then in se
tion 3, we vary slightly the 
onstru
tion of se
tion 2 to obtain two supertransitive modelsof Z, neither in
luded in the other|in [M2, Se
tion 13℄ it is shown that the union of any su
h pair willbe a model of Z shorn of the axiom of pairing|but both in
luded in V!+!. This last 
ondition leads toa proof in se
tion 4, by what might be 
alled an amalgamation argument, that the said union admits animplementation of 
oupling, thus proving the main result of the paper.A
knowledgmentsFor sharpening of the results of the paper, the author is indebted to the en
ouragement and patientquestioning of Marianne Morillon and other members of the Seminaire ERMIT in R�eunion; for improvementsin the presentation, to the 
omments of Otto Kegel and an anonymous 
riti
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y in the histori
al details, to the 
omments of Georg Kreisel, Aki Kanamori and Ri
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ords his thanks.
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1: Some general 
onstru
tions leading to models of subsystems of Z1�0 PROPOSITION Let (Gn)n2! be a sequen
e of sets, and G their union.(1�0�0) If G is non-empty, G will model the axiom of null set.(1�0�1) If 8n Gn [ [Gn℄2 � Gn+1, G will model AxPair.(1�0�2) If 8n S(Gn) � Gn+1, then 8n Vn � Gn and HF � G.(1�0�3) If G0 is transitive, ea
h S(Gn) � Gn+1, and ea
h Gn+1 � Gn [ P(Gn) [ P(HF), G will betransitive, and will therefore model the axiom of extensionality and the s
heme of foundation for all 
lasses.1�1 PROPOSITION Suppose now that (gn)n is a sequen
e of subsets of HF, and that g is a transitive subsetof HF. Let G0 =df g ; Gn+1 =df P(Gn) [Gn [ gn; G =df Sn2!Gn.(1�1�0) x � Gn =) x 2 G;(1�1�1) G is supertransitive;(1�1�2) G models the s
heme of full separation;(1�1�3) if x 2 Gn, then for some k, x � Gk ;(1�1�4) G models the axiom of power set;(1�1�5) if ! � G0, G will model an axiom of in�nity;(1�1�6) G = Sn P(Gn):The axiom of union will hold if we impose a further 
ondition:1�2 PROPOSITION Suppose in addition that for ea
h n there are k and ` su
h that S gn � Vk [ g`.(1�2�0) Ea
h SGn is a subset of some Gm and thus is in G by supertransitivity.(1�2�1) G models the axiom of union.Thus under appropriate 
onditions G models Z.2: A model of Z of whi
h ! is not a member2�0 DEFINITION �0(x) =df x; �n+1(x) =df f�n(x)g.2�1 LEMMA If Sx � y, %(x) 6 %(y) + 1.2�2 LEMMA %(�(x)) = %(x) + 1:Suppose that (tn)n is a sequen
e of sets, with S tn � tn+1 for ea
h n.2�3 LEMMA S fag = a.2�4 LEMMA If no tn is a singleton or empty, and �n(t`) = �m(tk) then n = m and t` = tk.2�5 DEFINITION hn =df f�k(tn+k) j k 2 !g.2�6 EXAMPLE h0 = ft0; ft1g; fft2gg; : : :g, h1 = ft1; ft2g; fft3gg; : : :g.2�7 LEMMA S (A [ B) = SA [SB.2�8 LEMMA Shk = tk [ hk+1; S 2hk = Shk+1; S 3hk = Shk+2; S n+1hk = Shk+n = tk+n [ hk+n+1.Proof : �rst part by inspe
tion; that then givesS 2hk = S tk [Shk+1 = S tk [ tk+1 [ hk+2 = tk+1 [ hk+2 = Shk+1:The rest now follows by iteration. a (2�8)2�9 PROPOSITION Ea
h Smh` is an in�nite set.2�10 LEMMA Suppose that ea
h tn is �nite. Then(i) for any m and `, Smh` 
ontains only �nitely many non-singletons;(ii) if x 
ontains only �nitely many singletons, then for any m and `, x \Smh` is �nite.17 ii 2009 : : : : : : : : : : : : : : : : : Unordered pairs in the set theory of Bourbaki 1949 : : : : : : : : : : : : : : : : : Page 4/7



2�11 DEFINITION Let H0 be any transitive set; Hn+1 =df P(Hn) [Hn [ hn; H =df Sn2!Hn.2�12 REMARK Thus ea
h hn, being a subset of Hn+1 is in Hn+2 and therefore in H .2�13 DEFINITION Let z0 = ?, z1 = Sh0, z2 = S 2h0 [S 2h1, : : :, zk = S fS khm jm m < kg.2�14 LEMMA SHn+1 = Hn [SHn [Shn.2�15 LEMMA (i) zk+1 = S zk [S k+1hk; (ii) S zk � zk+1.2�16 LEMMA S nHn = H0 [S fzk j k 6 ng.Proof by indu
tion on n: For n = 0, both sides equal H0; for the indu
tive step use the lemmata and thetransitivity of H0. a (2�16)2�17 PROPOSITION Suppose that ea
h tn is �nite. Then(i) If x 2 H , then 9n S nx nH0 
ontains only �nitely many non-singletons.(ii) If � is a limit ordinal in H then � � H0.Proof : (i) True if x 2 H0; if x 2 Hn+1, then x � SHn+1; so S nx � S n+1Hn+1; the last lemma now
ompletes the proof sin
e ea
h zk only 
ontains �nitely many non-singletons.(ii) S� = �; � 
ontains one singleton; so � rH0 is �nite. So there is � < � su
h that � r � � H0; asH0 is transitive, � � H0. a (2�17)2�18 THEOREM If H0 2 HF, and ea
h tn 2 HF, H will be a supertransitive model of Z of whi
h ! is not amember.Proof : For the axiom of in�nity, note that h0 is ne
essarily an in�nite set. a (2�18)2�19 REMARK Model M13;! of [M2℄ gives another su
h. TCo is true in it, but not in the above H , be
ause! = t
l(h0).3: In
omparable supertransitive models of Z in
luded in V!+!:3�0 LEMMA SVn+1 = Vn; if Vk is a singleton then k = 1.3�1 LEMMA If 2 6 minf`; mg and �n(V`) = �m(Vk) then n = m and ` = k.3�2 DEFINITION Let D and E be two almost disjoint in�nite subsets of ! r 2, and let (dn)n, (en)n be theirrespe
tive monotoni
 enumerations.3�3 DEFINITION For ea
h k 2 !, set pk =df f�n(Vdk+n) j n < !g. and qk =df f�n(Vek+n) j n < !g.3�4 EXAMPLE p0 = fVd0 ; fVd1g; ffVd2gg; : : :g; p1 = fVd1 ; fVd2g; ffVd3gg; : : :g;p2 = fVd2 ; fVd3g; ffVd4gg; : : :g3�5 LEMMA pn+1 � S np0.3�6 LEMMA S pk = Vdk [ pk+1; S 2pk = S pk+1; S 3pk = S pk+2; S n+1pk = S pk+n = Vdk+n [ pk+n+1.Proof : by Lemma 2�8. a (3�6)3�7 LEMMA For any n, m, k, `, S npk \Smq` is �nite and S npk \ ! is �nite.3�8 DEFINITION Let P0 = Q0 = !; Pn+1 =df P(Pn) [ Pn [ pn; P =df Sn2! Pn.Qn+1 =df P(Qn) [Qn [ qn; Q =df Sn2! Qn.3�9 LEMMA S nQn = Q0 [ [S q0℄ [ [S 2q0 [S 2q1℄ [ : : : [ [S nq0 [S nq1 [ : : : [S nqn�1℄:Proof : by Lemma 2�16 a (3�9)3�10 PROPOSITION p0 =2 Q; q0 2 Q.Proof : Plainly p0 =2 Q0. If p0 2 Qn+1; then p0 � SQn+1; so S np0 � S n+1Qn+1; Lemmata 3�9 and 3�7now yield a 
ontradi
tion.q0 2 Q by Remark 2�12. a (3�10)3�11 COROLLARY TCo fails in Q.Proof : p0 �HF, so HF =2 Q as Q is supertransitive. But HF = t
l q0 and q0 2 Q. a (3�11)3�12 THEOREM P and Q are two supertransitive models of Z, ea
h of rank ! + !, neither a subset of theother.17 ii 2009 : : : : : : : : : : : : : : : : : Unordered pairs in the set theory of Bourbaki 1949 : : : : : : : : : : : : : : : : : Page 5/7



4: A model omitting some unordered pairLet T� be the theory Bou49 + Foundation + 9x9y fx; yg =2 V + 8x Sx 2 V . We use the models P andQ to build a model for T� by setting R =df P \Q and M =df P [Q:R will be a supertransitive model of ZC, being the interse
tion of two su
h, and therefore if x and y arein R, so are x �K y and x [ y. M will be our desired supertransitive model of T�. In verifying that, our
hief tasks will be to de�ne 
ouples in M and to show that Cartesian produ
ts exist in that model.R � V! =2M. R is of 
ardinal i!, sin
e it in
ludes ! [ P(!)[ PP(!)[ : : :. For x 2 R, fg0; xg will bein PrR and fh0; xg will be in QrR, so that PrR and QrR will also be of 
ardinal i!.Let r = f0; 3g, p = f1; 3g, q = f2; 3g. Let f : R 1�1�! R �K frg, g : P r R 1�1�! R �K fpg andh : Q rR 1�1�! R �K fqg; let fx be f if x 2 R, g if x 2 P rR and h if x 2 Q rR; we de�ne the 
ouple(x; y) of x and y to be hfx(x); fy(y)iK , and verify, easily, that if (x; y) = (u; v) then x = u and y = v.A little 
are is needed in the sele
tion of the fun
tions f , g and h, to ensure that 
artesian produ
tsexist. It will suÆ
e to arrange that if a is inM then ea
h of f\(a\R), g\(a\ (PrR)) and h\(a\ (QrR))is in R, for then a� b will be the union of nine sets in R, ea
h of the form s�K t for some s and t in R.To do that, de�ne I(0) = !; I(n+1) = Pn+1(!)r [k6nPk(!);and for X= P, Q or R, and n 2 !X(0) = V!; X(n+1) = X \ (V!+n+1 r V!+n):We seek f , g and h su
h that for ea
h nf �R(n) : R(n) 1�1�! I(n) �K frg;g �P(n+1) : P(n+1) 1�1�! I(n+1) �K fpg;h�Q(n+1) : Q(n+1) 1�1�! I(n+1) �K fqg;whi
h is prima fa
ie possible as for ea
h n the 
ardinality of I(n) is in, the 
ardinal of V!+n.To �nd su
h f , g and h without appeal to an axiom of 
hoi
e, start from the inje
tion a0 : V! 1�1�! !obtainable from A
kermann's relation E su
h that (!; E) �= (V!;2). De�ne su

essivelya1(x) = � a0(x) if x 2 V!a0\x if x 2 V!+1 r V! , : : : an+1(x) = � an(x) if x 2 V!+nan\x if x 2 V!+n+1 r V!+n , : : :To 
he
k that ea
h an+1 maps V!+n+1 r V!+n into I(n+1), note �rst that if x 2 V!+1 r V! , then a1(x)is an in�nite set and therefore in I(1); and then remark that if x 2 V!+n+2 r V!+n+1, then some y 2 x is inV!+n+1 r V!+n, so that if, indu
tively, an+1(y) 2 I(n+1), then an+2(x) 2 I(n+2).The desired f , g and h may now be found by 
omposing restri
tions of these inje
tions with the naturalbije
tions between I(n) and I(n) �K fsg for n 2 ! and s 2 fp; q; rg, as appropriate.4�0 THEOREM M is a model of T�; further, there will be a failure in this model of the prin
iple that theunion of two sets is a set.Proof : M is supertransitive, and hen
e absolute for most of the set-theoreti
al 
on
epts used in the axioms;therefore it will be a model of the axioms of extensionality, union , power set, foundation, the full s
heme ofseparation, TCo (when
e also the full s
heme of foundation), and WO.Pairing fails, for if we put 
 = h0 and d = g0, then 
 2 P rQ and d 2 Q rP; hen
e f
; dg =2M. AsAxSing holds, f
g and fdg are in the model, though their union f
g [ fdg, whi
h equals f
; dg, is not.We have shown above that the axioms for 
ouples will hold: and our 
areful 
hoi
e of f , g, and h willensure that the 
orresponding Cartesian produ
t of two sets exists. a (4�0)4�1 REMARK We have worked in ZF, but our argument 
ould be re-arranged to show in arithmeti
 that ifConsis(Z) then Consis(T�), either dire
tly or by �rst appealing to the result, proved in se
tion 5 of [M1℄,that if Consis(Z) then Consis(Z + KP + V = L) and then adapting our 
onstru
tion, taking D and E to be17 ii 2009 : : : : : : : : : : : : : : : : : Unordered pairs in the set theory of Bourbaki 1949 : : : : : : : : : : : : : : : : : Page 6/7



the easily de�nable sets f2n j n 2 !g and f2n+1 j n 2 !g, to show that T� 
an be interpreted in that lattertheory: the global form of 
hoi
e that is provided by KP + V = L 
ould then be used to 
hoose the variousf �R(n), g �P(n+1) and h�Q(n+1).4�2 REMARK The failure in M of the prin
iple that the union of two sets is a set 
on�rms the misgivingsexpressed by Rosser in his review [Ro℄, where he writes \As far as the reviewer 
an see, Bourbaki's axiomspermit one to form the union of two sets only when both are subsets of some known set."4�3 REMARK The above model refutes the 
ontention at the end of [Bou 49℄ that Bou49 suÆ
es for all themathemati
s \of the present day"|even in 1949 one would have wished to prove that for ea
h 
 and d, theset f
; dg exists.4�4 REMARK Essentially the same system as Bou49, though in visually di�erent notation, is used in the textAlg�ebre by J. Lelong-Ferrand, J. and J.-M. Arnaudi�es [L-F, A℄. On page 18, they dis
uss the formation ofthe union of a family of sets but only when the sets in question are subsets of a previously known set; onpage 10, they state that the existen
e of the union of two sets follows from \an axiom of set theory"; butthe model M shows that it does not follow from the axioms that they state.4�5 REMARK That the pairing axiom is not redundant in Z was �rst shown by Bo�a [Bof℄. Perhaps as aresult of Rosser's warning in [Ro℄, the pairing axiom is in
luded in the system, whi
h we shall 
all Bou54,of Bourbaki's book [Bou 54℄, but there it is indeed redundant: Wyler [W℄ noted that it 
ould be weakenedto AxSing and Sonner [So℄ showed that it 
ould be dropped altogether. There is no 
ontradi
tion with theresults of the present paper, for Bou54 in
ludes a version of the s
heme of repla
ement, and on
e one hasrepla
ement, one 
an use the existen
e of one two-element set (for example the power set of the power setof the empty set) to establish the existen
e of all other two-element sets.Coupling is retained as a primitive in Bou54 but dropped in favour of Kuratowski's de�nition in the1970 edition of that text. R E F E R E N C E S[Ber℄ Bernays, Paul, A system of axiomati
 set theory|Part VI, J. Symb. Logi
 13 (1948), 65{79.[Bof℄ Bo�a, Mauri
e, L'axiome de la paire dans le syst�eme de Zermelo,Ar
h. Math. Logik Grundlagenfors
hung15 (1972) 97{98. MR 47 #6486[Bou 49℄ N. Bourbaki, Foundations of Mathemati
s for the Working Mathemati
ian, J. Sym. Log. 14 (1949) 1{8.[Bou 54℄ N. Bourbaki, Th�eorie des ensembles, Chap. I. and II, A
tualit�es S
ienti�ques et Industrielles, no. 1212,Paris, Hermann, 1954.[G℄ R. O. Gandy, Set-theoreti
 fun
tions for elementary syntax, in Pro
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